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Chapter 17 
NEGATIVE RATIONAL NUMBERS 



17-1. Introduction . 

You v/ill often see situations in which on one line 
there are two number scales extending in opposite direc- 
tions from the origin. Here is an example. 

Example Ij One January night in Minneapolis the temperature 
was 30 degrees at 6 P.M. Then, a terrible 
storm came up which was not predicted by the 
weather bureau and the temperature dropped 
10 degrees each hour for 4 hours. What 
was the temperature at 10 P.M? 
Let us see how this looks on the thermometer. 



drop between 

6 P.M. and 7 P.M. 



drop between 

7 P.M. and 8- P.M. 



drop between 

8 P.M. and 9 P.f^. 



drop between 

9 P.M. and 10 P.M. 



40 



50 



20 



-Temperature at 6 P.M. 



-Temperature at 7 P.M. 



— Temperature at 8 P.M. 



— Temperature at 9 P.M, 



-Temperature at 10 P.M. 
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The last temperature drop carried us over onto the other 
side of zero on the thermometer. Though it has not been 
labeled yet in our picture, you. would say that the temper- 
ature was 10 degrees below zero at 10 P.M. 

A thermometer can be thought of as a number line dravjn 
vertically, with numbers 
on both sides of zero. 



40" 



30" 



20-- / degrees above zero 



10" 



0" ( 



I0-- > degrees below zero 



20" ^ 



A similar thing happens in this example , 

Example 2: A certain department store started a transistor 
radio department in i960. During that year, 
it made 45000 profit. During I961, the depart- 
ment lost 43000 and during I962, it lost 4^000- 
What was the total profit for the three years? 



2h0 



8 
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If we illustrate this problem on the number line, we have 
a picture like this. 



First Step. 



profit at 
end of i960 



1000 



2000 3000 4000 5000 



Second Step. 



Third Step. 



— 1— 
0 



total profit . profit at 

or firs1 
2 years 



V 



total profit for 
loss during I962 first 2 years 




—4 



1000 2000 3000 4000 5000 



1000 ^ 2000 3000 4000 5000 



We see that the financial position of the department at 
the end of the third year will be represented by a poin. 
on the other side of zero. We can see that this point 
corresponds to a loss (or deficit) of 4^000. 

In busineos problems as well as in temperature, ti*are 
is need for number lines with number's indicated on both 
sides of zero . 



losses profits 
— — - — ^ 



2000 .1000 0 1000 2000 3000 4000 5000 
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These are Just two of many examples which call for 
number lines with points on both sides of the origin cor 
ponding to numbers. 

. In our earlier work, we have often referred zo the 
number line, but we have really. used only a number ray. 
This ray consists of the origin (the point labeled "o") 
and all the points on one side of the origin. 



Now, we are ready to consider points on the other side of the 
origin. We shall extend our number system to include num- 
bers represented by points on this other half-line. When 
we have done this, we shall have a true number line. 



17-2. The Negative Half -Line . 

In the preceding section, you were told that points on 
the number line on both sides of the origin will be used to 
represent numbers. In order to do this, we invent some 
new numbers. In this section, shall see hov; these new 
numbers are named. First, we recall how the number line 
is formed. I 

In forming the number line,iv;e first select a line. 



On this line, we choose an arbitrary point to represent 

the numbei' o. Remember that v;e call this point the origin . 



— 1~ 
0 



Next, we choose another point arbitrarily to represent the 
number 1 . 



2^2 



1 
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After this, we have no freedom of choice. The location of 
all other niirabers on the number line is novr strictly deter- 
mined. 

All the numbers represented by points on the same side 
of the origin as the nximber 1 are called positive numbers. 
Thus, all the numbers we have met in earlier chapters 
(except 0 itself) are positive. You should recall how 
these numbers can be located. The other whole numbers are 
located by marking off the distance between 0 and 1 
over and over again. 



12 3 4 



The number i is located one-third of the way from 0 to 

7 1 J 

1. The number -j can be expressed as 2^ and then located 
as shown . 



^ 1 — i 1 — I — I i ^ 

0 ± I 2^3 4 

Similarly, fractions with other denominators are located. 
Some are shown below. 



-I — t- 



0 ± 1^2^ 3 3|4 

Remember that we say that < (read, ^ is less than 
because ^ lies to the left of X on the number line. We 

T T 7 3 

could also say that ^ > -f ("j is greater than -j). 

Exercises l7"2a 

1. Draw a number line and locate the following numbers on 
it. 

U3U6 12 7 38 
2^ 3' T"' IT' 7' 2 



2U3 
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2. Replace the question mark by >, < or = in each of 
the following by using the picture in Problem 1 

3. Check each of your answers in Problem 2 by using zhe 
Comparison Property. 

Now, we are ready to name some points on the other side 
of the origin. Suppose vie place a compass with the needle 
at the origin and the pencil point at 1, and then draw a 
half-circle as shov/n. 




0 12 3 4 

In this .way, we locate a point cn the other side of zero on the 
number line. This point represents a number which we call 
negative one , written ""l". (a raised bar is placed in 
front of the s^mibol "1".) All numbers located on this 
side are called negative numbers. 

The way in which some other points on the number line 
are located and named is shown In the figure below. 




24 a 



1 9 

JU ^ 



We see that the n^ombers "^1 and 1 are .located oppo- 
site to each other on c .e nuinber line. That is, they -are or: 
opposite sides of t^e origin and both at the same distance 
from the origin. We say that "^l is the opposite of 1 
and that 1 is the oppC)aite of '"'i. Similarly, is the 

apposite of 2 and is the opposite of (-^j . 

V.'e .see that the niunber- C separates the n^jmber lines 
into two half-lines callea the positive half-line and the 
n egative half-line . Numbers on the negative half-line are 
called negative numbers . Numbers cn the positive half-line 
are called 'positive numbers . The n'omber 0 is neither 
positive nor negative . Notice that the opposite of a pr>si- 
tive number' is a negative nun^ber and the opposite of a 
negative ry\iric*^r is a positive nuniber. The opposite of zero 
is ,:ero 

All the n'umocrs v.'e have studied in earlier chapters were 
called, -national numbex'G . nil z''-.hze n'.unbers, except for the 
nur^ber ::ero, are positive an-vi v;il^ will ti:.crefore call them 
positive rational numbv, r:. . Tne ncr;atives of the positive 
rational nambei-s v/iii be -ciiied n e^ tj._v_e a 1 1 o n a 1 n r : n b e r s . 
From nov,- on, vvhen v;o ^pea:-: 'j " the £0t. oj/ rational numbers , 
we mean the set consistinr; o: z'n^j positive rational numbers, 
■ ■ ■ e n e g ' . ve r a t i o n a 1 n Mm 1 ^ •': rr. and t hi e numb e r :: e r o . 

An especialiy imrcrtant subse:. o f^e :>et of rational 
nu. ..em- is the ::ct of inte-er3 . ThJ.: set coM^^ists ol' 
t;., ' zero, th.e cour^tin.- numbers, and ti;e negatives of 
the c . .intinp; numbers. The seL c i' Inter'-Ts ma:* he expressed 
as : 

( . . . , "-s ^3,. "1 , 0, 1 , 2, 3; . . . ) . 

The set of countin.:: ::'.:::;hv^ rs nay hL:^o be called the ^;et of 
positive integers. Th' set of whole ;^umbors may be refo^rrca 
to as the set <. i non-nei;^a t ' "'^ intecers. 

V/hen we say tr^at a is lor,.- *..:ia:: . , v/c mean triat a 
is to the left of o:; t.:-,e :iur,.-r line. 
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From the figure below, we see that < ""3 and that 



^4 1 1 1 u h- 



"4 "3 '2 T- -^ 0 II Z 3 

In fact, every negative number Is less than any positive 
number. 

Exercises 17-2b 
(Class Discussion) 

1. For each of the following, tell whether you would repre- 
sent It by a positive or a negative number. 

a. 20 degrees below zero. e. 50 feet below sea level 

b . 20 degrees above zero . f . 50 feet above sea level 

c. $300 profit in busl- g. a 4-yard loss in foot- 
ness. ball. 

d. $300 deficit in h. a 4-yard gain in foot- 
business, ball. 

Give another name for each of the following: 

a. the set of rational numbers greater than zero. 

b. the set of rational ni-unbers less than zero. 

c. the set of integers greater than zero. 

d. the set of integers less than zero. 

3. Find the opposite of each nurr> ? given below. 



a. 4 d. "2^ 6.4 



b. ""8 e. "(^) h. 0 

c . ^ f . 5. 3 

4. List the following numbers in the order in which they 
appear on the number line. 

Which is the greatest of these nijmbers? Which is the least? 
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Exercises 17-2c 
Drav; a number line and locate the following numbers. 

-4 |, |, -(^), 2.3, -1.8 

Using the picture in Problem 1, copy the following and 
replace by the correct symbol or 

a. -3|?| d. -3|?-(^) 

b. e. I 7 -1.8 

c. -3| ? -1.8 f. -1.8 ? 2.3 

(Matching) For each number in the first list, write down 
the letter corresponding to its opposite in the second 

-(|) 

5 

-(§) 

2.25 
-(.6) 



list. 




2 

a. ^ 


A. 


^ 3 
b* 


B. 


c. -^2! 


C. 


d. 1.6 


D. 


e. -(J) 


E. 


f. ^(|) 


F. 



17-3. Addition on the Number Line . 

You know how to draw arrows on the number line to rep- 
resent positive numbers. These arrows are drawn starting 
at zero and ending at the point which corresponds to the 
number. (We draw the arrow directly above the number line 
instead of on it so it can be seen clearly.) 

We use a similar procedure to represent a negative 
number. 



2h7 
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Represent 3 on the number line. The point ""3 is 

three units to the left of 0. An arrow beginning at 

i . 

(|) and marked off three units to the left represents this 
number. 



-5 -4 ^3 -2 -| O I 2^ 3 4 5 6 

You have drawn diagrams showing addition of positive 
niambers. Now, we can do the same for all rational numbers. 
Example 1: First, review how to represent 2+3 on the 
number line. We represent "2" by an arrow 
starting at 0 and ending at the point 2. The 
arrow representing "3" starts at the head of the 
"2" arrow and is marked off 3 units to the 
right. The sum "2 + 3" is represented by an 
arrow starting at 0 and ending at the head of 
arrow "3". 

2 + 3 



Example 2: 



-3 -2. "I O 1 2 3 4 5 6 

Represent "2 -f* ("3) on the number line. 
We diagram this problem using the same method as 
in Example 1, remembering that the arrows re- 
presenting negative numbers always point to the 
left. -2 + ( "3) = ^5- 

"2 4- C3) 
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Example 3t Represent 2 + ("3) on the number line. In 

this example the arrow representing "2'* will 
begin at 0 and end at the point 2. The arrov/ 
representing "'3" will begin at the head of 
the arrow "2'^ but will ko 3 units to the ' 't 



, but will go 

r I -3 

L 



-"4 -3 ^ -| O ( £ 3 4 5 
The Biam 2 + ("3) Is Indicated by an arrow 
begl^nnlng at 0 and ending at the head of the 
arr(:,w representing " 3". 2 + ( 3) = 1. 

Repi'esent 3 + ("2) on the number line. 
In this example, the arrow for " 2" is marked 
off to the left starting at the head of arrow 
"3". Again, the sum is indicated by an arrow 
beginning at . 0 an-d ending at the head of the 
arrow representing "2". 3 + ( 2) = 1, 

3 , 



1 
I 
I 

— I— 



Example 



— »— 
-6 



— »— 
-5 



-4 



-a 



-I 



0 



Exercises . 17"3 a 
(class Discussion) 

1, In which. direction does an arrow point if it represents 
a positive number? 

2, In which direction does an arrow point if it represents 
a negative number? 

3, Describe the arrangement of the arrows when all numbers 
to he added are positive 
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4. Describe the arrangement of arrows when all addends are 
negative . 

5. Describe the arrangement when one number Is positive 
and one Is negative. In what direction will the arrow 
representing the sum point? 

6. How can you show three or more addends on the number 
line? 

7. How can you show 3+0? 



Exercises 17-3b 

1. Draw a diagram on a number line to find the sum In each' 
of the following problems. 

a. 2 + 4 f . "3 + 5 . 

b. 1 + 6 g. 4 + (-1) 
'5+ ('2) h. 2 + (-6) 

<3- "4 +, ('4) 1.-7+3 
^ + ("4) J. "6 + 6 ' 

2. iMnd the missing number. You may use a number line 
to^^elp yoii but you do not need to show It on your paper. 

a. 3 + (-3) = ( ) e. 14 + (-2) = ( ) 

b. ) + (-4) = 0 ^ . f . 1 + ( ) ^ 1 

°- 6 + ( ) = 0 g. -(1) + ( ) = 0 

d. -75 + 74 = ( ) h. -0.45 + 0.45 = ( ) 

3. What number must be added to each of these numbers to 
have a sum of zero? 

. a- 5 e. -2 

?3 f. 4 

c. (2) g. -25 

^' t any positive num- 

ber, a 
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some ideas are represented by positive numbers and others 
by negative. Use for ideas represented by negative 

numbers and, "+" for ideas represented by positive 
nvmbers. 



a. profit 



b. 

c. 



Loss 

If direction east is 
positive, west is 



North 
South 



f . 

g- 
h. 

1. 

J. 
k. 



Gaining yards J.n foot- 
ball 

A loss in football 



Altitude above sea 
level 

Altitude below s«a 
level 

Time in the future 
Time in the past 



A company report of profit or loss was the following for 

the first 6 months of a year: 

January $5000 profit April $1000 profit 
February $24^0 profit May $3000. less 

March $1000 loss ■ June $2000 loss 

a. Represent each of these figures as a positive. or 
- negative number. 

b. Find the total profit or loss for all six months. 

c. What is the average profit or loss per month? 
BRAINBUSTER: • An escalator going down moves at the rate 
of 1 step per second. A boy can run up steps at the 
rate of 2 steps per second. A boy runs up an escala- 
tor that is going down. If there are 28 steps between 
floors, how long will it take him to go up one floor? 
If>a second boy can run up 3 steps in one second, 

how long will he take? 
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Exercises 17-3c 

In_Problems 1 to 3, add without using the number line, 

1. a. 4|+ 5^ c. (2 + 3) + 5 

b. 55 + d. 2 + (3 + 5) 

e . ?! + 0 

2. - a. (-2|) c. -l5 + e. ["2+ (-l|) ] + (-3^) 

b. (-3^) d. (-l5) f. -2+ (-3|)] 

6. 0 + (-4^) 



a. 



^' 2i g. 2|+ [(-3) + 4] 

'^+('55) h. [(-4) + 3] + (-4) 



c . 
d. 



-55 + ^3 i. (-4) -f 5| 



e. -43.4 

^. In your own words, describe how you would add, rational 
numbers if :^ 

a. both are positive, 

b. both are negative. 

c. one is positive and one is negative. 

The number line has been used to help you see how to add", 
positive and negative numbers. You should observe that the 
properties that are true for the addition of non-negative 
rational numbers are still true for the entire set of rational 
numbers. 

We see^by the use of the number line that the addition of 
niimbers, whether positive or negative, is really very simple. 
We need only keep in mind the location of the numbers on the 
number line to carry out the operation. 
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We see that: 



When both niirabers are pcsitive the sum is positive. 



When one number is positive and one number is negativ 
it is the number farther from the origin which deter- 
mines whether the sum is positive or negative. 



For example: 

In 2 + (-3) = "1, 

the sum is negative because ""3, which is farther 
from zero than 2, is negative. 

In 3 + (-2) =1, 

the sum is positive, because 3, which is farther 
T . from zero than ^2, is positive. 

We can say this in another way. The arrow of greater 
length determines whether the sum is positive or negative. 

Notice that in cases like "2+2 and 3 + ('3), the 
arrows are of equal length but opposite in direction. In 
these cases, the sum is zero. 



1,^ Find examples of each of these properties in Exercises 
17-3c. 

a. The commutative property for addition. ' 



and. 



as in 2+3 = 5; 

when both numbers are negative the sum is negative, 
as in "2 + (""3) = ""5. 



Exercises 17-3d 
(class Discussion) 



2. 
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3* What do you notice about the numbers being added and the 
answers in each part of Problem 2? 

Do the familiar properties of addition hold fpr all 
rational nuiwbers? 



4. 



We have seen in the above exercises that the sum of a 
number and its opposite is equal to zero. For example: 
3 + ("3) = 0 or "3+3=0, These addition problems are 
illustrated iu the following diagrams. 

io sum 



3 + (-3) = 0 



second term 
first term 



"5 "'4 "3 "2 -| 0 I 2 3 4 5 
The sura is indicated this time by a point (an arrow drawn 
fiTom zero to zero has no length) , Similarly 



3+3 = 0 



sum 

second term 
first term 



"5 ^4 "3 "2 "I 0 j 2 3 4 5 

Two numbers whose sum is zero are said to be additive inverses 

of each other. We see that this means the same thing as 

saying that they are opjposites of each other. Thus, "3 is 
the additive inverse of 3 and 3 is the additive inverse 
of 3. These statements merely say that 

3 + (~3) = "3 + 3 = 0. • 



17-4. Subtraction of Rational Numbers. 

Consider the subtraction problem, 5-3. You are looking 
for tpe number n which, when added to 3, gives 5. 

3 + n = 5 

Let us review how we diagram this subtraction problem 
on the number line . 



O 9 25^ 
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Example 5~3 = nor3+n = 5 

First, we represent "5" by an arrow which starts 

at 0 and ends at point 5 - 



-I 1 1 »- 



-3 *"2 'I 0 I 2 3 4 5 6 

Next, we represent "5" by the arrow which starts 
at 0 and ends at point 5 . 

5 ^ 



-+- 



"4 "3 "2 "I 0 I 2 3 4 5 6 

Now what number must be added to 3 to give 5? This 
will be the number n represented by the arrow which starts 
at the end of arrow 5 and ends at the end of arrow 5 . 
To find the number n, we must transfer arrow n so that 
it begins at 0, then the arrowhead will fall on the point 
associated with n. 



0 12 3 4 5 

In this case^ n^ is 2. (You may be able to do this step 
of transferring the. arrow mentally.) 

Let us look at another subtraction problem, 3-5. Here, 
5 - 5 must be the number n which added to 5, gives 3. 

n = 3 ~ 5 • or 5 + n = 3 . 
You cannot find such a number in the set of positive rational 
numbers. Remember your teachers in the earlier grades were 
careful not to ask subtraction problems of this type, where a 
greater number is subtracted from a smaller number. Now that 
you have extended the set of numbers to include the negative 
rational numbers, let us see if such subtraction problems can 
be solved. This can be shown on a diagram. 
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Example 2 : 



b 
c 



'3 

d . 



First represent the sum 
at 0. 



5 = n or 5 + n = 3\ 

\ 

\ 

as an \arrow starting 



Then, represent 5 ^-as ah arrov; starting at 0, 
Then, draw an arrow starting at the head of arrow 
5 and ending at the head of arrow 3. This is 
arrow n . 



-I— 
2 



I 

-»— 
3 



— t- 
4 



To find the number that arrow n represents, we 
transfer the arrow so that it begins at zero. We 
read the number at the head of this arrow, 
n is "2. 



n 



I 



-3 "2 0 

We see n = 3 - ^ = "2 . 

Example 2' What number is 6 - (""2)? It is the number n 
so th^t ~2 + n = 6. V/e shall find n by the same 
procedure as before. 



-»- 
7 



Prom this diagram, you can see .n - 6 - ("2) 



8. 



Prom these examples, you should notice several things . 

1. Each subtraction problem' can be restated as an addi- 
tion problem. As soon as" we introduce the negative 
rational numbers, every subtraction problem involving 
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rational numbers has a solution. The set of rational 

numbers is closed under subtraction. 
•2. VJhen we diagram subtraction problems on the number 

line in this way, the direction of the arrow which 

represents the difference tells us whether the 

difference is positive or negative. 
5. The length of the arrow is equal to the distance 

between the origin and this difference. 



Exercises IT-^a 
(Class Discussion) 

Some subtraction problems are diagrammed below, 
answer the following. 

a . What subtraction problem is diagrammed? 

b. What is the number n? 

-c. What addition problem is also illustrated? 



For each. 



1 . 



2. 



0 



17-4 
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— I — I — I — I — \ — \ — I — I — I — I — 1 — — +- 

""7 "6 -5 "4 ""3 "2 'I 0 I 2 3 4 

5. Use the number line to show: 

a. 5-3 and 5 + ("3) 

b. 5 - {^3) and 5+3 

c. ~5 - 3 and ^5 + ("3) 

d. ^5 - (""3) and -"5+3 

6. What conclusions can you draw from Problem 5? 

In the last exercises, you may have discovered another 
way to think of subtraction. You found: 

5 - 3 = 2 and 5 + ("3) - 2 

So 5-3 and 5 -f (""3) are the same numbers even though 
their diagrams are different. 
Also, you found: 

5 - ("3) =5+3 
-5 - 3 = "5 + ("3) 
-5 - (^3) = "5 + 3 

In each case, subtracting a number is the same as adding 
its additive inverse. If a and b are rational numbers, 
then a - b means a -f (""b) , 

This property of subtraction changes every subtraction 
problem Into an addition problem. For example: 

3 - (^5), = 3+5 = 3 
7-4 = 7+ r^) = 3 
"7 - 4 = -7 + (^4) = ~ii 
1 - (^2) = 1 + ? = ? 
1-3 = 1+ ? = ? 
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Exercises n-^W) 

Use the fact that a - b means a + (~b) to write each 
of the following as an addition problem. Then, do the 
addition. 



a. 


- 2 


e . 


n - b 


b. 


- (-1) 


f . 




c . 


8 - (-3) 


g. 




d. 


1-0 


h . 


0...- 1 


If 


you can, do the 


following without 


using the niunber line 


a. 


- 11 - (-13) 


h . 


9 - (-3) 


b. 


16 - 12 


1. 


7-5 


c . 


-10 - ("3) 


J. 


7 - (-5) 


d. 


8 ^ (-2) 


k. 


2-9 




-"O - 2 


1 . 


2 - (-9) 


f . 


-8 - (-2) 


m. 


3-10 


6- 


-9 _ 2 


n . 


3 - (-10) 



What is the additive invers.. of: 
a. 10 d. 



15 



b. ^100 e. -(^) 

c. I . r. -(§?) 

Subtract : 

aT 8-5 c. 8 - ("5) 

b. '8-5 d. -8 - (-5) 

Add: 

a. 8 4. (--5) c. 8+5 

b. "8 + (--5) d. "8+5 

Examine the numbers and the answers in Part (a) of 

Problems 4 and 5. Also examine Parts (b), (c), and (d) 

What conclusions do you draw? 
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Find 'X In each of these number sentences so that the 
statement is true: 

a. . "5 + 2 = X e. -(|) 4 -(2) = 

b. X - (-3) =7 f. 10 - X = "4 

8 + X =: -3 ~ ■ " -/3 



d. X + ("4) = 11 



g- 
h. 



-(|) + X 



17-5- Multiplication of Rational Numbers . 

' You have learned how to add positive and negative numbers, 
Now/ we want to multiply these numbers so that the familiar 
properties of multiplication hold. 

You already, know how to multiply positive numbers. 
For example: 

2 • S - in 2 . 5 _ 10 



4 



4 = 14 

You also know that 1 is the identity element for multiplica- 
tion and. that ' 0 has a special multiplication property. 

1 ' 6 - 6 or l*a = a 

0 * 6 =r. 0 or 0*a = 0 

• Multiplication can be shown on the number line as follows: 

3-2=:2-f2-f2 



3 • 2 



H 



-'3 



-a 



4 



H— 

5 



6 



— I— 
7 



8 
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X 

The number line can used to .show the product bV 
3 • ("2) also, since this should mean ' ("2) + (""2) + ("2). 



H » 1 » « » ♦ » ' ' ' ^ 

-8 "T "6 "5 "4 ^3 ~a -I O 1 2 3 



Exercises 17 - 5a 
(class Discussion) 

11. 3-2 \a shov;n above. How would you shov; 2 ' 3? 

12. How do yo'u show 2 • ("3)? 



i 



"What property is illustrated by Problem 1? 

Do 3 • ("2) and 2 • ("3) illustrate the property 
you named in Problem 3? 

If the commutative property holds, use Problem 2 to find 
"3 • 2. 



It is easy to use the number line to illustrate the prod- 
uct of positive numbers. A product like ^"^<^(""2) .can also 
be illustrated on the number line. But v;hat can (*"2) • 3 
mean? This is more difficult and the number line does not 
helpi U3. The properties of operations on numbers can help. 
If these new numbers are to behave like the numbers you knov;, 
then the commutative property must hold for these new numbers. 
For example, 

3 • ("2) = (-2) • 3 

The number line shows that 3 * ("2) = "6 so (""2) • 3 must 
also equal "6. 
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Exercises 17-5b 

1. Use the number line to multiply: 

a. 4 . 5 e. 2 • (|) 

b. 5' ' 4 f. 2 . ["(|)] 

c. 3 ' ('3) g. 2 . (^) 

^ • ('3) h. 4 • (-3|) 

2. Use the commutative property and the answers to Problem 1 
to find: 

a. -3 • 3 ^ c. -(|) • 2 

'3 • 4 d. -(3|) • 4 

3. Complete these statements, using information from Problems 
1 and 2. 

a. The product of two positive nvimbers is a 
number. 

b. The prodiict of a positive and a negative number is 
a ^ number. 

4. Use the summary from Problem 3 to find: 

a. [2 • ("3)] -5 d. 3 • rs • 7) 

^- 2 • ("3 . 5) e. "7 ^4 . 

c. [3 • ("5)] • 7 f. C\ ' 4) • (-3) 

5. What property of multiplication of rational numbers is 
illustrated by Problem 4? 

The Product of Two Negative Numbers 

Although the number line has been used to illustrate the 
multiplicati9n problems 3 - 2 and 3 • ("2), we find that 
we cannot use it for the problems ('3) * 2 and ('3) • (^2). 
Why? 

However, we can define the product (""3) • 2\ Since 
we know 2 • (■*3), we immediately know (■*3) • 2 if the 
commutative property of multiplication is to hold. 
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Now, how shall we define (""3) • ("2)? 
Look at part of the multiplication table. 



X 


0 


1 


2 


3 


4 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


2 


0 


2 


4 


0 


8 


3 


0 


3 


6 


9 


© 


4 


0 


4 


8 


12 


16 



Have you used a table like this? To use It, find one factor 
In the left column and the other factor In the row across the 
top. The product is the number In the square that Is In the 
same row as the first factor and the same column as the 
second factor. The product of 3*4 is 12, as shown In 
the table. 

We can make a larger multiplication table by putting 
more numbers across the top and down the side. Then, 
5* 6, 7* etc. follow naturally- There are numbers on 
the other side of zero, too. Let us Include "l, "2, "3, ""4, 
also. Such a table, partly filled in, is shown. 
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4 


o 




1 


u 


X 


o 
c 


"i 
o 


ii 
t 












0 










■"3 










0 










"2 










0 




















0 










0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 










0 


1 


2 


3 


J| 


2 










0 




2 


4 


6 


8 


3 










0 


3 


6 


9 


12 


k 










0 


4 


8 


12 


16 



The products of the positive integers are given. The 
products of zero and all numbers shown are also given. These 
products are familiar to you. 

Prom your work in the last section, you know how to fill 
in the top right-hand cornex' and the bottom left-hand corner. 

Exercises 17~5c 
(class Discussion) 

1. Copy the last multiplication chart, then fill in the top 
right corner and the bottom left corner. 

2. What number patterns are showing? The right column and 
the bottom row are good places to look for patterns. 

3. How must the left side of the row above the zero row be 
filled in to keep the pattern to the right of zero? 

4. What cbliomn can be filled the same way? 

5. What are the patterns for the other rows and columns? 

6. Pill in the rest of the table. (No fair peeking at the 
completed chart that follows.) 
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7. Wnat is the product of ("3) • ("2)? 

8, It appears that the product ,cf two negative numbers Is a 

number. 



Does it seem reasonable that the pattern found In three 
corners of the table should be continued In the fourth? The 
completed chart looks like this. 





"2i 


o 


~p 

c 


J. 


rv 
w 


1 
J. 




O 




"4 


16 


12 . 


8 


4 


0 


"4 


"8 


'12 


"16 


'3 


12 


9 


6 


3 


0^ 


"3 


"6 


'9 


"12 


2 


8 _ 


6 


4 


2 


0 


"2 


"4 


"6 


"8 


1 


4 


3 


2 


1 


0 


"1 


"2 


"3 


"4 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


"4 


"3 


~2 


"i 


0 


1 


2 


3 


4 


2 


'78 


"6 


"4 


"2 


0 


2 


4 


6 


8 


3 


"12 


'9 


~6 


■*3 


0 


3 


6 


9 


12 


4 


"16 


"12 


"8 


"4 


0 


4 


8 


12 


16 



Exercises 17-5d 

From the completed table, state what you have discovered 
about the : 

a. product of two positive numbers. 

b. product of a negative niamber and a positive number. 

c. product of two negative numbers. 
^Ixid. the product: 



a. 


-4 • 


0 


1 


b. 


-4 • 


2 


J 


c. 


"4 • 


5 


k 


d. 


8 • 


(-3) 


1 


e . 


17 • 


(-2) 


m 


f . 




C5) 


n 


6- 


"6 . 


(-9) 




h. 


"10 


• (-"60) 


o 



"21 • 
-0.6 
4 • 3 
"6 ■ 

"10 

T ■ 



("43) 

("1 
• ("5) 
8 • ("12) 
("2) • ("11) 

("8) 

("16) 



('I) 



(1) 
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3, In the following problems In multiplication, put a num- 
ber in the parentheses so that the statements v/ill be 



correct . 
















a. ( 


) 


• 6 


= "12 


i. 


1 • 


( 


) = '1 


b. 5 • 


( 


) 


= '15 


.1. 


6 • 


( 


) = "36 


c. "10 




( 


) = 100 


k. 


'9 • 


( 


) = 81 


d. "5 






= 20 


1 . 


5 • 


( 


) = "30 


e. "5 • 






= "20 


m. 


( 


) ' 


■ ("10) = "90 


^f. 11 • 
■ g. -^1 ' 






= "110 


n . 


( 


) • 


("50) = 100 






= 1 


o . 


"6 • 


( 


) = "6o 


h. "7 • 






= 0 


p. 


-(|) 


• 


( ) = -1 



The fact that the product of two negative numbers is 
positive may seem strange and unbelievable. 

The above tables and the problems suggest that the pro- 
duct of two negative numbers is always a positive number . 

We want the commutative and associative properties of 
addition and multiplication to hold for the rational numbers, 

We also want the distributive property to held for all 
rational numbers. Let us use the distributive property in 
the' problems in the following class discussion exercises. 



Exercises 17- 5e 
(Class Discussion) 



Complete the following statements, 



2. 
3. 



2 + 



3-0 = 0 

[2 + ("2)] = 0 
("B- -('2) ^ 0 



"6 4- ("3) -(-2) = 0 



because v/e want the , 

property of zero to hold for 
negative numbers . 

because the sum of is 

zero , 

because v/e want the 



property to hr>ld for negative 
numbers. 

because we know the product of 
a negative number and a positive 
number is a number. 
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5.. Look at what the last statement tells you about the 
product "*3 • ("2). When It Is added to "6 you get 
0. V/hat is another name for the number v/hich added to 
"6 gives 0? 

6. Therefore, "3 • ("2) must equal ? if the pro- 

perties of non-negative numbers are to hold for negative 
numbers also . 

The properties of multiplication that are true for the 
positive rational numbers are true for the whole se\: of 
rational numbers. Review these properties. They are: 

The commutative property of multiplication, 
a • b = b • a 

The associative property of multiplication. 

(b»c)={a*b) 'c 

1 is the identity element of multiplication. 

1 • a = a 

The zero property of multiplication is true. 
0 • a - 0 

Finally, the distributive property of multiplication 
over addition holds. 

a • (b + c) = (a • b) + (a • c) 

Exercises 17-5f 

1. Use the distributive property to solve the follov;ing 
problems . 

Example: 5 * [7 + ("9)] = 5 • 7 + 5 ' ("9) 

= 35 + ("^5) 
= "10 

Check:' [7 + ("9)] = "2 and 5 * C2) = "lO 
a. ; "4 ' (3 + 8) c. 5 • [^^ + (■*7)] 

15. "2 • ('3 + 6) d. "10 . ["8 •! ("1)] 
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y 

e. 6 . r"3%- ("9)] ' ("2 + 7) 
2. Find n so that these statements will be true. 

a. 3 • n = "36 d. "3 • n = 30 

b. 5 • n =r "75 e. "2 • n = ''8 

c. "2 • n = 10 f. "6 • n = "12 

3* Find the products. 

a. "6 • ("IQ) k. "3 • i'h) 

\ I • 6 ^ i^. . (-6) 

c. "75 • ('4) m. . (-4) 

d. 16 • ("12) n. 45 • ("13) 

' e. "16 • ("12) o. "45 • ("13) 

f. "27 -0 p. "17 • 0 

g. "l6 • 1 q. "3 . , 

h. 20 • ("10) • (" 5) r. "3 • ("15) • ("^) 
1. "2 • ("11) • ("3) s. "5 ' 6 • ("2) 

J. 4 • ("6) .10 t. "7 • .'^ • 12 



17-6. Division of Rational Numbers . 

Let us review the meaning of division. If you have the 
problem 39 -r 3 you look for a num'^er n that, multiplied 
by 3, gives 39. 

3 • n = 39 

30 

In this case, n is the rational number which is also * 

the counting number 13. We can extend this property of 
dlvipion as the Inverse operation of multiplication, first 
to negative integers, and thon finally to all negative 
rational numbers. 

You can discover how to divide rational nurrbers from 
what you know about multiplying rational niombers. 
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Ex ercises 17-6a 
(Class Discussion) 

1. Below are four division problems. State the correspond- 
ing multiplication problem for each. 

a. ^ - n ^ . n = 

b. - n J_ • n = 

c. « n • n = ? . 

d. 4§ « n ' • n = ? , 

2. a. By inspecting the multiplication problems in Problem 

1, and using what you know about multiplication, 
decide in each case whether n Is a positive or a 
negative number. 
b. Copy and give a simple name for each fraction: 

'if-' 

3. Pill in the words "positive" or "negative" to make state- 
ments that seem to be correct on the basis* of Problem 2. 

a. The quotient of two^positive niambers is a 

number. / 

b. The quotient of two negative numbers is a 

number. 

c. The quotient of a positive number by a negative 
number is a number. 

d. The quotient of a negative niamber by a positive 
number is a ' number. 

In multiplication and division problems involving posi- 
tive and negative ntunbers, you may find it difficult to 
remember whether the answer should be positive or negative. 
We collect what we have learned about this situation in this 
one statement which may make it easier for you to remember. 
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When two numbers are multipliea or divided: 

a) if the numbiers are both positive or both negativ 
then the answer is positive; 

b) If one number i3 positive and the other negativ 
then the answer is negative. 

In the last exercises you found ^ and ^-j are names 

for ""4. Since ""4 is opposite to 4 on the number line, 

12 IP 
and -J- is another name for 4, (^) m-^.st also be the 

same as 4. it is correct to write 

-,12n ^ "12 _ 12 

We choose ""4 as the common or simplest form of this 
rational number. In the same v;ay, 

-/2v "2 2 

and we choose (^) as the simplest form. 

Exercises 17- 6b 
1. Fill in the blanks so the statements will be correct. 

a. "63 -r ("9) = 7 because 7 • J = "63. 

t>. ^5 (~5) = "9 because • ("9) = 45, 

c. 104 -r ("8) = because "8 • =104, 

d. 3 '4- ["(■5) ] = because • = ^ . 



e. 2 -r 3 = because 



f . 1 -r ("1) = because • = 

g. Ov -i- ("3) = because "3 • = . 

2. Find the products: 

a. "4-7 f. "21 - ("35) 

("3) g. "1.4 

c. 2 • ("6) h. "10 • ("1) 

d. 3 • ("24) i. "I • "(M) 



e. -8 • ("9) 
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3. 


Find the quotients:, 












a. 


'28 -r 7 - 






f . 


735 ^ ('35) 




b. 


12 ^ (-3) 








"3 H- 4 




c . 


'12 + 2 






h . 


4 M |) 




d. 


'72 ^ 3 






i. 


1 - (|) 




e. 


72 ^ (-9) 












Find r so that these statements will be 


true : 




a. 


1J- • r = 1 






d. 


1 ■ . . -1 




b. 


• r = 1 






e , 


1 - - -1 




c . 


'3 4 






f . 


1- ■ . . 


5. 


Reciprocals, or multiplicative inverses, are two numbers 




whose product is the 


identity element, for multiplication. 




1. 


In which parts of 


Problem 4 is 


r the 


1 reciprocal of 




the 


oth6r factor? 










6 


Write the set R consisting 


of the 


reciprocal of each 




niaraber in the set P: 














P = (6, |, 












Find the quotient of: 












a. 


-18 


f. 


30 




1 150 
• -30 




b. 


'25 
"3- 




"100 
-20 




'432 
m. -j^ 




c . 


-30 
~5~ 


h. 


-36 
-12 




"441 

n. 




d. 


-30 




64 




'484 






-L • 


-1^ 




0. 22 




e . 


30 




"39 

•"0 




. "13 
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17-7. 'Summary , 

In this chapter, we have extended rhe set of numbers zo 
include the negative rational r/^Tibers. We nov; have the 
set of all rational numbers. 

,The set of rat4-0nal numbers is the union of the three 
subsets Indicated below: 



Rational Numbers 


/ 




Negative Rational 
Numbers 


Zero 


Positive Rational 
Numbers 



Note that the number zero is neither positive nor negative. 

Another subset of the set of rational numbers is the 
set of integers: 

"k, "3, "2, "1, 0, 1, 2, 3, 4, ...]. 
This set consists of the whole numbers and their negatives. 

'You have learned how to locate rational numbers on the 
number line. The number line has helped you to learn hov; 
to compute with negative numbers. 

The sum of two rational numbers is: 

(1) positive, when both numbers are positive. 

(2) negative, when both numbers are negative. 

- (3) zero, when the numbers are additive inverses. 
(4) posit^lve, negative, or zero, v/hen one number 12 
positive and one namber is negative. This is 
determined by the number farther from the origin. 
^ The difference of two rational numbers, a - b, can be 
found by determining v;hat number added to b gives a. 
We used this principle to diagram subtraction on che number 
line. Later, we found that a - b is the same as the sum of 
a and the opposite of b. 
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The product or quotient of two rational numbers Is: 

(1) positive if both numbers are positive or both 
numbers are ' negative ; 

(2) negative if i one number is positive and the 
other number is negative. 

We may summarize the properties of the rational numbers 
as follows : 

1. The ration numbers are closed under additior, 
raultipiie oiT, subtraction, and division (except 
division Ly zero), 

2. Addition and multiplication are -ommutative : 

a 4- b = b 4- a 
a ' b - b • a 

3. Addition and mult Ication are associative: 

(a -f b) 4 c = a 4- (b 4- c) 
(a • b) • c = a • (b • c) 
i^. There is an element, 0, v:hich is the identity for 
addition and an element, 1, v/hich is the identity 
for multiplication, 

a 4- . 0 a 
a • 1 = a 

5, Every rational number has an additive inverse 

(opposite) and every rational number except zero 
has a multiplicative inverse (reciprocal), 
a f ("a) - 0 



6, The distribut /.ve law hold; 

a * (o -f c) ^ a • b 



17-8. Chapter Review. 

Exercises 17-^ 



AGi; 
a. 



7 4- ("6) 4-9 d, 7 4- CQ)- 



b. 5 + - + ("11) e, 17 -f (""13) -f ^^0 



c , 



17 4- {~12) 4- ( 3) f ( 2) f. 12 4 21 4- ("10)4- ("18) 
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2. On January 2nd, the price of eggs was 6o cents per 
dozen. For the next six weeks, the price changed as 
shown: 1st week, up 3 cents; 2nd week, down 4 cents 
3rd week, up 7 cents; 4th week, down. 8' cents; 

5th week, up 6 cents; 6th week, down 7 cents. What 
is the price of eggs after 6 weeks? 

3. A self-operated elevator is located in a store that has 
a S-level parking garage below the basement. An 
elevator on the 1st floor makes these trips: 2 floors 
down; 5 floors up; 3 floors down; 1 floor down; 

2 floors up; and 3 floors down. Where is the ele- 
vator? 

4. Subtract: 

a. 5 - 8 d. 6 - ("6) 

^ - 0 e. "12 ~ (~15) 

P - ("4) f, ~i6 ^ 8 

5. Denver is one mile above sea level while Pikes Peak is 
14,110 feet above sea level. What Is the change in 
altitude if you drive from the top of Pikes Pealc to 
Denver? 

6. Mt. Evans, west of Denver, is 14,264 feet above sea 
level. What is the change in altitude if ypu go from 



Pikes Peak to Mt . Evans?- . j 

7- Multiply: \^ 

a. 6o • 50 c. "7 • ("9) 

b . 7*8 , e , ""9 • 20 

^- 9 • ("5) f. ""17 . (~23) 



During a storm, the thermometer foil 3^ an hoar for 
6 hours. 

a. How much did the temperature change? 

b. If the temperature at the beginning of the storm 
was 12 , what was the temperature 6 hours 
later? 



17-9 



9. Divide: 

a. ~30 ^6 d. 270 ^ ("30) 

b. "16 ^ 4 e. 255 - (""25) 

c. ^ - ("8) f. "1827 - ("9) 

10. An oil well was sunk 1350 feet before oil was found. 

■% If it took 45 days to dig the well, how many feet 
did they average per day? 



17-9. Cumulative Review , 

Exercises 17-9 

1. Express as a single fraction and simplify: 

2^2 2.2 
a. ^ + g ^- 3 " 9 

2 2 /2 2v (2 2v 



c • ~ X 



2. Which of the following numbers are equal to 

-I o ^ h 63 91 
1.2, 

3. Write as decimals: 

3 9 

b 2 1000 
b. ^ a. — ^ 

4. Find the value of the following: 

a. 0.0076 X 0. 38 

b. 0.0076 0.38 

c. (7 - 0.7) 4- 0^07 

5- Fill the blanks with numerals which make correct 
I sentences. 

a. 30 in. ft. 

b. 72 yd. ft. 

c. 1320 ft. - mi. 

d. 100 mm. = cm. 

e. • 21 m. = cm. 
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7. 



The Inside of a freezer Is 4 feet long, 
wide, and 36 Inches deep. Find: 
a. Its volume in cubic feet. 
.P* ..J-.^s surface area in square feet. 

Triangle AABC is an isosceles 
triangle, with rn/A = rn^. If 
in^DCE = 30, what is the 
measure of angle A? 



3 feet 




8. A circular metal disk as large 
as possible is cut from a / 
square 2 feet on a side. How 
much metal is wasted? 




10. 



11, 



12. 



a. A centimeter is wh^t percent of a meter? 

b. An inch is what percent of a yard? (to nearest 
whole percent.) 

c. A mile is what percent of a foot? 

Find a number n 
statements true. 



which makes each of the following 



a. 


5n 


= 20 








d 


b. 


4n 


= 0 








e 


c . 


5n 


= 2 










Find 


the 


value 


of 


the 


following: 




a. 


"2 


4- 6 








c . 


b. 


4 - 


("3) 








d. 


Find 


the 


value 


of 


the 


following: 




a. 


6 . 


9 








e. 


b. 


6 • 


('9) 








f . 


c. 


'6 


• 9 










d. 


'6 


• ('9) 








h. 



n 

n 
100 



9 
E 
13 
5 



'11 - ('2) 
3 + (-1) 



6 • 
4 . 



24 



("4) 
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13-. Find n so that these statements will be true. 

a. 2 • n = '24 

b. "4 • n = 12 

c. "6 • n = 36 

d. "2 • n = "10 

14. Simplify: 
a. 
b. 
c . 
d. 



24 




27 


■5" 


e , 


^ 


"24 


f . 


-18 


-6- 


~T- 


24 


g- 


-60 


^ 


^ 


-24 




-18 




h. 
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Chapter l3 
EQUATIONS AND .INEQUALITIES 



18-1 . Sentences and Phrases . 

Do you like mystery stories? Have you ever imagined your- 
self to be a detective like Sherlock Holmes or Nancy Drew? 
Sometimes, .a mathematician must find one or more numbers from 
certain clues. In' this ^^ense he is similar to a detective. 

For example, consider the following problem. 

A certain number plus 5 is S. 

This English sentence may be written in mathematical 
language. Suppose you let x represent the "certain number" 
for which you are looking. Then you may write the sentence in 
symbols as t'ollows : 

A certain number plus 5 is 8. 
✓ 

I i 4 i >t 

X . + = 8 

This sentence in mathematical language is Just one example 
of an equation in mathematics. It indicates ohat the number 
"x + 5" is anothei-* name for the number "8". In this case, 
it is clear that the "certain number" is 5 since 5 is the 
only number which when added to 5 gives the result 8. Thus, 
we say that 5 is the solution of the number sentence, or 
equation. The number" "x + 3" Is a part of this sei. .;nce. 
Also, the number "8" is another part of this sentence. The 
number "x + 5" and the number "8" j are examples of phrases . 

A phrase may represent one specific number. For example, 
each of the phrases 

2 + 7, |, II + V, 9', and 6 + (5 x 4) 

represents a number. Tell the number which each of these 
phrases represents . 

Consider the phrase "x + . V/hat number does the 
phrase "x + ?" represent? Does ;l.t represent '^^? 5? 7^? 
The answer to each of these questions depends upon the value 
of X. 
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If *'x** represents then ^' x + 3 " represents 

9 ' 9 + 3 = 12 

"5 ("5) + 3 = ^2 




In order to work with phr^ases you must be able to trans- 
late phrases into words and also be able to translate words 
Into jphrases . A phrase may often be translated into words in 
several ways. 'For example, the phrase "x -f 9" may be 
translated as 

"the number . x plus the number 9" 

"9 more than the number x" 

"the number x Increased by 9" 



Exercises 18-la 
(Class Discussion) 

1. Each of these phrases denotes a particular number. In 
each case, express this number in simplest form. 

. a. 10 + 5 i. 5 + (3 X 4) 

b. 5 - 8 j. (5 X 3) - U 



10 2 



f . 



'2 

1. (6 - 2) 



^ + 5 ^ 1 . , 1 

^^-^^ n. (-7) ^ (2X 3) 



g. 7 - .5 o. (6x2) + ("15) 

h. 5| + C2|) 
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2. Translate each of the following English phrases Into 
symbols like "x +3". 
. • a. The sum of x and 5 

b.. The product of 8 and x 
/ c. A number y added to 7 

d. Twelve added to z 

e . The sum of 6 and a number 

f . Six subtracted from a number 

. g. The quotient obtained by dividing a number by 5 
h. The difference between a number and ^ 

•5. Translate each of the following phrases Into words. 



a, X + 10 




e . 


(-6) + . 


b. X - 5 




f . 


X 


c . 7x 






19 + X 






h . 


17 - X 


Evaluate each 


of the 


phrases In 


Problem 


the following 


values 






a, X = 1 




f . 


X = '15 


b. X = "5 




6- 


X = 6 


c • X = "5 




h , 


X = 12 


d. X = 0 




1 . 


X = 5 


1 

e . X = -F- 




J . 


X = 9 



3 for each of 



Exercises l8-lb 

Translate each of the following English phrases Into symbols 

a. Four less than x 

b. The number x added to 7 

C. The number x subtracted from 30 

d. The product of 15 and x 

e. One-fourth of the number x 

f. The number x plus 10 

g. The number 7 multiplied by x 

h. The number obtained by subtracting 11 from x 
1 . The number x divided by 2 

J. The difference between x and 6 

k. The number x minus 9 
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2. For each one of the phrases in Problem 1, find the number 
represented by the phrase if x = 12. 

3. Translate each of the following phrases into words. 
\ a/ X + 1 e. 

\b. X - 3 f . 20 - X 

c\ 2x g. 6x 

\ 

d. 15 + X h. + X 

^. Find the number represented by each of the open phrases in 
Problem 3 if x = 6. 

5* Find the number represented by each of the open phrases in 
. Problem 3 if x = "2 . 

6/ A number need not always be represented by x. Translate 
each of the following phrases into symbols using the letter 
label of each part as the number. For example, in Part (a) 
use. "a'^ as the number. 

a. The sum of six and a number 

b. Eight times a number 

c. Eight times a number added to 1 

d. Three subti'acted from 8 times a number 

e. Seven times a number divided by k 
f • Three more than twice a number. 

g. The product of 5 and the sum of a number and 2 

h. Ten minus seven times a number 

i» Twelve divided by the sum of a number and 1 

J. The product of two factors, one of which is the sum of 

three and a certain number and the other of which is the 

sum of k and the same number 

The difference between 25 and the product of 3 and 
a number 

1. The quotient obtained by dividing a number by the sum 
of 2 and the same number 

7. Find the number represented by each of the phrases in 
Problem 6 if the number is "3 . 
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18 
8 



-2 



9. 



Translate each of the following phi^ases Into words 
each case, the- letter represents a dumber, 
a. m - 6 f . 15 + 2d 



In- 



b. 4n g. 

c . 2x + 5 h ' 

..a . 5 - d 1- 

e . 2w .+ 15 J • 

Find the number represented .by 
following values of n. 

a. n = 5 S- 

b. n = ""5 ' ^ 

c . n = 0 1 . 

d . n = 1 j . 

e . n = "1 k , 

f . n = -(|) 1^ 

Find the number represented by 
following values of q. 

a. q = 0 e . 

b. a = 1 f . 



X + 12 

2 

7(x + 1) , 

\ 

5 - 2n \ 
2n + 5 for e^h of the 



c . 

d, 



q = 1 
q = "1 
q = 5 



h . 



n 
n 
n 
n 



^ 1_ 

2 ■ 

= "2 



; n = 5^ 

n = "2^ 
6 - 3q for each of the 



q 
q 
q 
q 



1 

2 

-^1 



(#) 



18-2 . Sentences and Their Solutions , 

We use sentences every day In talking, reading, and 
writing. In mathematics, we also find It necessary to use 
sentences. 'A sentence about numbers Is o-ften written in the 
form of an equation such as 

X + 7 - 9. 

This number sentence says, 

"If seven Is added to a certain number, x, the 
result Is nine 
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The following are examples of some other sentences: 
"The sum of 8 and 7 is 15" • 
- ■ [-c "x + 5 = 8". 

"h + 5 =,5 . 3" . , 
"5 < 2 + . . 

The above examples are sentences because each of them consists 
of two phrases connected by a verb. V/hat are the verbs In 
these sentences? The first one Is easy to find. The word "is" 
is the verb. What are the symbols for verbs In the remaining 
sentences? Your answers should be ."='' , "=", "<", and * 
The thi?ee most common verbs in number sentences are "=", "<", 
and . 

^ number sentence which uses the verb "=" is called an 
equaT:lon J A number sentence which uses the verb "<" or ">" 
Is called an Inequality . 

To solve the equation "x + 2 = 9" means to find the 
value of X which makes the sentence true. In this case, the 
value X = 7 is the only number which, v/hen added to 2, gives 
the result 9- 

Exercises l8"2a 

1. Solve the following equations. 

a . X + 5 = 5 e . p + 5 = 11 

b. y + 5 = 12 f. t + 25=51 

c . k + 15 = 15 g. a + 17 =■ ^2 

d. .. 2 + 2 = 6 h.m + 10 = 5 

2. In each case, find the value of the letter which makes the 
sentence true • 

e . X - 5 = 6 

f . p - 15 = "1 

g. X - 5 = 5 

h. y - 12 = "4 
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a. X - 7 = 2 

b. y - 5 = 5 
c . n - 9 = 2 
d . a - 5 = 7 




l8-2 



2 . Solve the following equations . 

a . Jtb, •= 12 i e . 9ni = 5' 

,b. 5a = 15 I f • 15x = 'x^ 

.0. 5w = 55 / £• 7y = '56 

d. 6d = 72 / h. 3x = 8^ 

k: Solve the following equations. 

a. 5=2 e. 1-2 

b. 5 = 4 f. = 5 

c. 1= -2 ■ g. -1= "7 

d. i= 7 h. §= 4 



\ 



5 In each case, find the value of the letter which makes the 

.. 

sentence true . 

a.x+l = 5 • J-j-> 

y + 5 - 0 k . = 0 

c. 1= 9 , 1. n - 6 = -6 

d. 5x = 20 m. 15n = 225 

e . n - 15 = "2 n . "ll + x = '8 

f. 4=:"8 o.x + l- x + 1 

7y = 49 ^. p. X + 1 = 1 

Bg = "52 y I = 6^ 

i. 14 - X = 12 r. "5 + y = "9 



The statement 
X + 5 = 7 

tells us something about the number x. We might say that it 
gives us a clue about x. We see that ^ is the only number 
which, when added to 5,- gives 7. Thus, x must be 4. In 
this case, our clue was so strong that it completely identified 
the number x. We say that 4 Is the solution of this equation 
or sentence . 

285 



18-2 

Here Is another sentence 

y + 5 > 7 

This sentence gives us a clue about a number y. But this 
time our clue Is not so strong as to identify completely the 
number y. You can see that y might be any of the numbers 
5> 6,. 12. In factor' y might be- any number greater than 4, 
but y could not be 4 or a number less than 4. V/e can 
see then that , .although this time our clue does not tell us 
exactly what the number y is, it does narrow down the list 
of suspects. In this sentence, the letter y may be replaced 
by many different numbers to obtain a true statement. The set 
of all such numbers is called the solution set of the inequality 
or sentence . 

Consider the inequality x - 4 > 7. How large must the 
number x be in order to make this sentence true? Is 
5 -- 4 > 79 Is 12 - 4 > 7? .Do you see that "x - 4 > 7" is 
a true sentence if -x is any number greater than 11? Also, 
"x - 4 > 7" is a false sentence for any other value of x . 
The solution of this inequality, then, is the set of all num - 
bers which are greater than 11 . 

Exercises l3"2b 

1. Translate each of the following sentences into symbols. 

a. If the number x is added to 5, the result is equal 
to 13 . 

b. If 3 , is subtracted from x, the result is equal 'co 7.. . 

c. The product of 3 and x is equal to 24. 

d. When x'. is divided by 4, the result is 9, 

e. V/hen ten is added to the number x, the sum is 21. 
•— f; — if the number 7 Is multiplied by x, the product is 

g. If the number 11 is subtracted from x , the 
difference is "5. 

h. The number x minus 6 is 15, 

i. The number x divided by 2 is equal to "7. 
J. Six more than twice a numbeij^ is 4. 
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. 2. Solve each ^of equations in Problem 1. * 

5. Trans-late each one of the following sentences into 5:;'7nbols 
. . a. The sum of x and 2 is greater than • : . 
, b. The product of 5 and x is less than 10. 

c. The result of dividing x by 7 is greater than 2, 

d. The nutnbez'' x minus three is greater than 6. 
' ?lv? subtracted from x is less than 1'^ . ■ 

f. TfiP pvnrltjff nV ■ -nul ^ \]n nnmcor X is greater than 
■ - '9. 

. g. Two less than three times a number is greater than 7. 

•4. For each one of the inequalities you wrote in Problem i 

use your knowledge of arithmetic to find the solution set . 

5. Translate each one of the following sentences into v;ords . 
Use the term "a number" or "a certain number'' to 
reprf^sent the unknown number* 
a»y + 2 = 5 f . 7 - k ^ - 

b. z -f C3) =7 g. d - : < 

c. 2a = "10 h. ^ > 9 

d • h - 5 > 9 i . k - 7 = "^^ 

e • 3ni < 15 j . 3^ ^ 6 

6» .Solve each equation and inequality ii> Problem 3. 

7* Write three other sentences which will have the same 
solution set as the sentence v - 5. 



18-3 » Formulas > 

You have already used a special kind of equation. For 
example, to find Ihe number of square un its oi area in s 
rectangle you used the follov;ing: 

A = ^w 

.OTiis is an abbreviation of a rule. In words, this rule is 
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"The number oi' iiwiuare ur^iir o.t' aren I r:- '. 
rec t an p 1 e .1 (or. 1 c qu a 1 I o ) i r : v p rod u c i ' . - 
number of iml In the len^'^n and ihe n).iir:;er» 
like \> .In *^ho v;ldT.l-i." 

Wl'ien such a rule is ab: rev Ir.i : an.i v.-i-- 1 • ■ i: :..h'; 

of an equation, it is called a foiinul . I' '.lu" .\c:\r':. a:)ri 
wir^th of a rectangle are knov;r, . ■. h':-ii r ii ! ;; ''r.riwj'] :i :.o 'iced 

to find the area of thar an)"- 1 . 7':v"- ra-^v :''^rTin 1 ^. 'ii:.':-ci 

to find the area of all roctan[;.} . 

Ma n y products are packed 1 r ; ;.' 1 \ i •; a :'■ '. c a ] c a r: s . U u 3 1 1 y , 
a la^el made of paper 1 .a pas ted on ') i v r. '. a-v surface of the 
can . This lat el c ove rs all of trx- an v:-: ■ :v ihe c i rc ular t, op 
and the circular totT:oiTi » The portion ci' the can covered ly/ 
t h 1 a e 1 I c a 1 1 e ;:i v. h e 1 areral si ; ri'ace o i* the can. Th c 
formula for the ■":rea of iho lateral aur'face of a cyllndc!* Is 

A - :,. Tfrh 

where 

th- .:y]l:a-k:a 



l8-;5 

K xerc 1 L'C .i ; ^- ■ 

1. T Vorir la Tor i';:jd:.r/'; ^ii-v :■ ;,r;v- : . ■ r : : ">.■:' \ .■• ! / 

P - 2^ f ''\-! . 

a;. ' '^d the perlnietiT ■.^V r: :''.-c : .-tijf' ! ■ 

fee 'ind whose widtri n r*. . 

b . Find the pe r i me i: ^ o i " '.i : *o c i : \ n c: v;: i o o f.,- i r - r i h ' :: 

3^ inches and v;i;or.o v;jdt:h ! r> ]. nchei: . 

2. /The formula i'oz* iM r !if: * h^"* ■::^e^i o*' ;^ i-T'Ujn^:] : 

A = |bh . 

; a. Find the arer-i of tr i •iii^;;.!.:.; :..'i:-c; ^ t- ^• 

inches and whose heigh'c (h) is / !ncivj:;. 

b. Find the arE-a of a triangle v;hc;"^- base lo inche-: 

and whose height: is r>i inches. 

3. The formula for ti:e area oV a square? is A s' . 

a . Find the area of a square v;hose side is !• • Inches . 
s . Fi nc the area oV square v:h os c s 1 d e is 7 . •'• 1 nc h s . 

. Doug movrs a lav;n GO fee^ lonf, :inO: -0 fee*: v;ide . He 
iTiov/s another lav/n whic:. is I'-ct loai^^ and feet: 

wide. Use zhe forrnul'; A ^ \: '. c find :aiv; ar'-a of each 

lav/n . Find the difference in '.h^ area:- o;' these tv:o lav;ns . 

3. Use the fornula n ^- ^ + .. v; i i nd th^:: per'meter of 

a rectangular pic: i: re :'ra::ie v/h':::; :s tee;: lon^' and 

feet wide . 

6. Use the i'ormula A / \ - :d:^; a:x-a of a square 
whos^: side is l:-;— " . 

7. Tne formula :ior the are': ■ --/i : a rara!.- af'ra::; is 

A " bh v;here l i: *:h>: ler:.- a a: tae :ri. a:.: :i '. :\ :-ae 

heiiah^. Find th- '^r^a at ^ aarai i c ioaa 1:' 

a , a . an i a V . ■.. ' 

s. L - :-^r' ana a - 

c . b - 1 ■■ . ar:a a 
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8, The formula used in finding simple interest Is wi-ltten 
1 - prt, where 

1 is the number of dollars of interest 

p is the number of dol lars in the princ ipal 
(or amount borrowed) 

r Is the X'ate (or percent'.) of Interest p^-r 
year 

t is the number of years 

a. Find the simple Interest for a bank lean of ^^^750 for 
3 years' at 6X interest . 

b. Find the simple interest for a businer.r> loan of $12^10 
for 2^ yearn at 5^ Interest. 

c. Find the simple interest for a busin'-ss loan of 5^3600 
for 1 year and 9 months at l* Interest. 

9. The formula for finding the circumference of a circle is 
C 2irr. (Use 3.1U f or TT ). 

a. Find the circumference of a circle whose radius Is 
10 inches . 

b. l''ind the vj i rcumf e.-^ence of h wheel whose diameter is 
26 inches . 

c Find the c ire fere nee of a cable top v/hose diameter 

d. Find the circumference of a batter* s circle whose 
diameter is r; feet. 

Softball diamond Is a square feet on a side. 

a. Using the pr^^^per formula, :flnd the perimeter of the 
diamond . 

b, tJsin;/ 'fro proper f or^^;^ : , 1 ' nd the area of the 
Softball dlamord . 



12. 



d = rt 

d = number oi' miles in 

the distance (In i ii 1 s 
example ) 

r = rate oi' travel In 
miles per hour 

t " number oi' units or 
time 
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11. The formula shown at the 

right may be used to find the 
total distance traveled ii' 
the rate of travel does not 
change. For example, if the 
rate is 25 miles per hour 
on a trip, it remains at 
25 miles per hour through- 
out the trip . 

a. Find the distance traveled by an automobile moving 
at a rate of ^5 miles per hour (m.p.h.) I'or 

13 hours . 

b. Find the distance traveled by a plane ai: a speed of 
^20 m.p.h. for pff hours. 

c. Find the distance betv;een Benton and Cedarville if it 
takes a train hours to cover this distance 

at a speed of 56 m.p.h. 

Find the areas of une rollov;ing circles. (Use --.1'^ for TT 

a. , whose radius is IJ. 

b. whose diameter is 22. 

c. whose radius Is 



13. 



V.Tn i c h is larger in area: 
or a circle v;hose radius Is 
it? (use IT = ■;■ ) . 

The area of the i lrure -y. ' h- 
right is given by the ror.-nul': 
A ^ ^ ( a -f b ) 

where 

h Is the measure o ; ^ r 1 ^. 
h e 1 gh t o I" n 1 1 .1 1 u 6 c 

a and b are the measures o:' " 
bases . 



> q u a r o v;h ose Si.ae js 

r e e 1 7 Hov: rn u c h 1 a r ^:e 



Find the are? 
a . h - 1- . 

b . a = , : 
C . b ^ , 



. n L s 



1 -J . 



\ 
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15 



16, 



Find the volume of the 
cylindrical tank pic- 
tured at the right if 
the radius is 1 foot 
and the height is 3^- 



feet. (Use 



for Tf ) 




V = TTr h 



Find the capacity of the tank in gallons 
foot holds l\ gallons. 



One cubic 



The f orniL : a F = ^ + 32 may be used to convert a 
temperature reading on a Centigrade thermometer to a 
temperature reading on a Fahrenheit thermometer. Find 
the correct Fahrenheit temperature reading for each of 
the following readings on a Centigrade thermometer. 



a . 



10 



b. 100 



35^ 



e . 



47 



l8-4 . Graphing S oluti on Sets of Sentences . 

V/e can draw a picture of the solution set of a sentence on 
the number line. This picture is called the graph tne 
ser tence . 

Example 1_: Consider the sentence 

X + 3 = 8 

I'he solution set oi" this eqdat:!cn has onl>* one 
member. The solution set is [5}. On the number 
line this set can be represented by a solxd dot at 
the point 5, 

-5 "4 "3 '2 -"I 0 I 2 3 4 5 6 

Example 2: Consider the sentence 

X + ;3 = 3 + X 

First find the solution set. Try x = 6. 
Does 6+3=3+6? Try 13. Does 13 + 3 = 
3 + 13? Try any other number. What property 
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of addition tells us that this sentence is iriK- 
no matter what number we use I'or x? Thus, : he 
solution set for this equation is 'che c*-; oi' all 
numbers. The graph of this soluiion sc^^ is a 
heavy dark line as shov;n below. 

•8 ^7 "6 "5 "4 "3 2 ~l 0 I 2 3 4 5 6 7 8 9 



Example 3^: Consider the inequality 

X - 4 > 7 

Earlier in this chapter, we found that the 
solution set of this inequality is the set of all 
nui/ibers which are greater than 11. The graph of 
this solution set is shown below. The "open" 
circle ( o ) shows that the nuinber 11 is not 
included in the graph. 

-6 '•4 "3 "2 "I 0 I ^ 3 4 ^ 6 7 8 9 10 II 12 13 14 Ifi 

Example 4: Consicer the equation 

11 'f- X - 

Vlhat Ic. Ihe soluul.on ::;ct? T:\y Gome numbers. 
Recall what you have learned nbout nepat-ive numbers. 
What is 11 + ("7)? Is ~7 a luember o:' the 
solution set? Can you find any othci- members 01' 
the set? You should not be able to do so. The 
solution set for this equritlon is [ 7). This .1 ^ 
shown or the number line lelov;. 

I ^ I 1 I I I I i [ I I I \ i 1 I t ^ 

~9 ~B -7 "*6 '5 "4 "3 '2 ^1 0 1 2 3 4 5 6 7 8 9 
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Le 5: Consider the inequality 



X - ^ < 1 

For what numbers 1:^ this inequality a true 
sentence? Try some numbers . Do you find that the 
solution set of this inequality is the set of all 
numbers less than 5? On the number line below 
';his is represented as an "open" circle at the poino 
corresponding to 5 and a heavy black line drawn 
along all points of the number line which lie to 
the left of 5 . 

V ' * ' ' ' ' ' ^ ' ' * " i J — ^ 

-7 ""6 *5 4 "3 -2 -| 0 I Z 3 4 5 6 7 



Some solution sets contain only one member. The graph of 
such sets'-may be represented by a single filled circular mark 
on the number line. The circle is drawn at the point which 
corresponds to the number in the solution set . 

If the solution set is the set of all numbers, the graph 
is a heavy, dark line along the entire number line. In this 
case, the solution set is represented by the. .entire number 
line. 

The graph of the solution set for inequalities is often 
represented by part of a number line. The inequalities con- 
sidere'j^^n this chapter were all ^*=*presented by half-lines on 
the number'HJ ne . An open, or empty, circle was used to indicate 
a point not Lncludecj in the graph. 



Exercises 1 



1. .Find the solution set for each oV the following sentences 



a . X + 



X - > 1 



b. ^- + x = 0 i'.^=l 

C . 2X - g. PX 10 

V 

6 , : x < h . ■ - X > 1 



2gH 
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2, For each one of the sentencea in Problem 1 graph the 
solution set on a number line . 

5. Find the solution set for each of the following sentences. 

a. X + 1 = 1 -V X e . 5w = "15 

b. y-l>0 f.l^i+x = 13 

c. l-b>0 g. 15-x = in 

d. a + 2 = l+ a *h.|-='l 

4. For each one of th: sentfMCes in Problem 3 graph the 
solution set on a nu.-nber ^ine . 

5. Find the solution sot e" of the following sentences, 
a. 2x + 5 = "7 ■ . 2n + 1 = 1 + 2n 

b; 5m - 1 = 5 6x + 7 = ^3 

. c. 2b + 1 > 9 r.. 4m - 5 < 19 

d. 5x + 3<0 1,^+1 = 0 

e. 5m - 1 = "16 ^ - 2 > 0 

6. For each one of the sent ^^.icei: in Problem 5 graph the 
solution set on a number i ine . 



For each of Problems 7-1 

a. Write a sentence. 

b. Find the solution set of the sentence, 

c. Graph the solution set of the sentence. 

7. A certain number added to seven equals fourteen. 

8. If six is added to two times a cercaln n^^moer tne i-trsult 
is 10, 

9. The product of 5 and a certain number is greater than 
zero . 

10. If 3 is subtracted from a certain number the result is 
less than 1 . 

11. A certain number is multiplied by three. Then 2 is added 
to this new number. This result is greater than 8. 
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12. The sum of a certain number and two times that number 
is 12. 

13. The sum of a certain number and itself is less than ^. 

14. If 1 is added to four times Susie's age in years, the 
result is 21 . 



18-5. Summary . 

In your work in this chapter you learned how to translate 
English sentences into equations and inequalities . These skills 
will be very helpful in your future work in mathematics. Also, 
you found solution sets for sentences and made graphs of these 
solution sets. The technique of graphing a Sv':)lution set is 
very common and useful in many fields of mathematics. 

Since vocabulary is essential in our work, the important 
terms of this chapter are listed below for your review and 
ready reference . 

1. PKRASE . A phrase is a part of a sentence which describes 
or represents a number. Some phrases represent specific 
numbers such as 15 or 3 3 . Other phrases such as 
llx or y + 2 do not represent a specific number. 

2, SENTENCE. A sentence consists of two phrases connected by 
a verb. The m.ost comtrion verbs In m.athematics are "=", 
•k", and 

5. EQUATION. An equation is a -sentence which uses the verb 
. Equations are used to-^xpress the idea that two 
phrHS'=*f' ^re names for l \e. s?ime nuir.bcr . 

4. INEQUALITY, An inequality is a sentence w^ich uses the 
verb or the verb ">" . Inequalities are used to 
express the idea that two numbers are not equal . 

5. SOLUTION SET. A solution set is the set of values which 
make a sentence true. When we find the solution set of a 
sentence, we say we have solved the equation" or the 
inequality . 
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6. FORMULA. A. formula is a special kind of equation. A 
formula is a mathematical abbreviation of a rule. 

7. GRAPH. A graph of a sentence is a picture representation 
of the solution set of the sentence. 



l8-6. Chapter Revie w . 

Exercises 18-6 

1. Translate each of th^e following phrases into symbols. 

a. The sum of some number and forty- three . 

b. The product of some number and eleven. 

c. Six less than three times some number. 

2. Name the three most common "verbs" used in sentences. 

3. Translate each of the following phrases into words. 

a. 2x + 9 

b. X - C2) 

12 

4. Find the number represented by each of the open phrases in 
Problem 3 -When x = 3 . 

5. How can you recognize an equation? 

\ 

6. Translate each of the following sentences into symbols. 

a. The number y added to sixteen is twelve. 

b. The sum of x and 14 is greater than 15. 

c . Six less than three times a certain number is less 
than 12. 

d. The product of ^ and a certain member' is 20. 

7 . What is a solution set? 

8. Find the solution set of each of the sentences in Problem 
6. 

9. Write/>Jwo other sentences which have the same solution set 
as y >^^2. 

\ 
/ 

29?^ .: 
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10. Use the formula p = 2 ^ + 2w to find the perimeter of a 
r-ectangle whose length is 5^- feet and whose width is 
2|- feet . 

2 

11. Use the formula A = s to find the area of a square 
flower garden whose side is 6^ feet . 

12. What is a graph of a sentence? 

13. Graph the solution set of each of the parts of Prob.lem 6. 



18-7. Cumulative Review . 

Exercises 13-7 

1. The average of five numbers is obtained by adding the 
numbers and dividing the sum by five . Find the average of 
the numbers ["8, 10, 0, "l , "3]. 

2. Perform the indicated operations and simplify: 
a. 

b . 10 X ll- 

5. Which of the following numbers is equal to 4 ? 

0.60, 0.6, (f'.y 0.06, 

^. Round each of the following as indicated: 

a . 987 .65^ (to the nearest hundred) 

b. 987.65^ (tc, the nearest hundredth) 

5. Do the following operations, 
a. 15 H- O.O12 - 1 
b . 17 .0^15 -f 100 
c . 17 .0^5 ^ 100 

d. 31—15.1 (round answer to the nearest tenth) 

6. Multiply 5 by "6, then subtract "12 from the 
product, then divide the result by . 



d . 



.1 

-"2 



10 

33 



J. A 

~ 15 
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Find the following products: 

a. "10 X "lO X 0 

b. 1 X "3 X "^1 
c . "S X 5 X "8 

d. 0.5 X "0.2 X 8 

If the length of a segment is correctly staced to be 7^ 
inches. It might be as short as , or as long as _ 

The area of a square is 64 sq. units. 

a. What Is Its length? 

b. What Is Its width? 

c. What Is Its perimeter? 

If J and ^2 sire parallel lines cut by the 
transversal t , 

a. Name an angle which 



d. If m(^a) = 15, find m{/b), m{/^c) , m{^6) , m(^e) . 



c. 



b. 



corresponds to ^e. 
Name, an angle which is 
supplementary to ^b. 
Name an angle which Is 
vertical to /b . 
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Chapter 19 
COORDINATES IN THE PLANE 

19-1 . Legating Po lntS ' In a Plane . 

We have seen that the number line gives us a way oi" using 
.numbers zo express the location of points on a line, V/e can 
also use numbers to locate points In a plane. But now we need 
to use two numbers Instead of one to locate each poino. Let 
us see some exsimples of how this may be done. 

Here Is a picture of a classroom. 




John Mar;y Jane 



Jim 



Ka/ 




Mike 




Nora 




Eve 




Carl 



Fred 




Pete 




Gary 


f 

1 May 




Nell 










Ray 




Ed 




June 


Myra 




Paul 



Ann 




Emma 




Bill 




Don 




Max 



oue 



We can think of the classroom as part of a plane and the seats 
as points In the plane. V/e see that Ed sits In Row 2, Seat 
We could shorten this to (R 2, S 5)* We could even shorten 
It to Just (2, 3) If we are careful to remember co v;rite the 
row number first and the seat number second. Now you see a 
way In which we can use a pair of numbers to locate a position 
In a plane . 
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We Just saw that Ed's position is [2. Do you see 

that Bill's position is (j, 2)? Do you see why it is inporz-dnz 
to keep the order decided upon and zo write z'ne row nu^ioer 
first and the seat number second? 



Exercises 19-la 
(Class Discussion ) 

1 . • a . Who Sits at (^,5)? 

b . Who sirs at (5 ; ^ ) ? 

c. Wh'at pair of numbers gives Pete's position? 

d. What pair of numbers gives Don^s posit.'* on? 

2. Write the set of all the number pairs which correspond to 
seats occupied by girls. 

5. Consider the set of students: 

[Fred., Pete, Gary j /lay. Nell] . 

a. What do their positions have m common? 

b. VJrite the set of number- pairs corresponding to these 
students . 

c . What do these number pairs nave In common? 

4. Consider the set of students: 

(Jane, Bii], June, Gary, ■.era]. 

a. Vfnat do their Dositions have in common':- 

b. Write the set of number pairs corresponding to tnese 
students . 

c . Wnat do these numter pairs have in common? 

5 . a . vrnat is the intersect ion of tne se: s of stucien: s in 

Problems and ■*? 

b . What is the intersect ion cf tne sc^^s f n::m^er r.::il rr- 
in Probi ems =^nd ■• ? 

6. a. Find the set: of :^zu^.:er.Zil nrv/Lnr -'ov; n :m:,e:' 'tn.: 

number equal . 

b . Pind a £;ecmei:r 1 v.":v j: : *.::•,' : z \ 07. i- r f 

these s uUden s . 
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7, a. Find the set: c!* siudents havLnr m.:tiLl-:* 
gr e a e r 'c h a n t- h e 1 r r o v; n j m L' e r . 

c. Kov; can yoi) express "he' r pos'.vl:;". r-or:-ier. r ! -i.: ..y ", 



\Here is another example ':.o i lL:.:^izr'"^ 
pairs of numi:/ers locav.o rja'.nvs Im a v 



E xample : ' Shov/n celow i:; a mar^ o: ;::e icv;r; o: '.Cal nut; Fall:: 
(This T:own was :5e.l eared cause -.-.^ ! l^i: reel 3 :'\:ri 
Uorzh-Sc :zh or- East-Wes" and aij. Its lIocks are c:' irie 
same i e r; g : - . . ) Th e o 1 1 o w i r^; sizes ha v e l e e r"i r^. a r ^ d v; L 
the rirar iei::.er in :neir naine:^: 



Auditori^T. 
Bank 

City Hali 
Drug Store 
Elementary S c- r. c c ■ 
Fire House 
Gas Station 
Hospital 

I n 3 u r a n . ■ ' ' • ■ 



::inder£arien 
Library 

?;ev;sstand 
Girice Builds 
?ark 

:;;ja:::-*a:.r:e 



Supermarket 
Telephone Corr- n: 
University 
Veterinarian 
vrnarf 

X-ray Laboratory 

Yacht Club 

Zee 



o: 
o 



'/J 
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You are a policeman standing in :'ront. o:' z:\e oivricvr 

building at East Avenue and North Street. A i^nranger wltn 

sick 'Jog asks you where the ve i " :'l nari a:. ' located. What can 

you tell him? You can tell h*frn -. hat zhe ve':e:\lr-a:'.: an ir. 
located 5 blocks Ea:r... and olcck:5i Nortn . This ca:; 

shortened to (3 . 















( Claos Discuss! on j 




You 




svill a policeman r-n zhe corner' oi' 


E a 3 0 A V e n u e a n c: 


North Street . Expressing iocationo as in 


(o •• N) . 


how 


can 


you tell a s t ranger no 1 oc at ion of 




a . 


the 


Kindergarten? 




b . 


the 


Telephone Ccnnpany? 




c . 


the 


V/harf? 




d. 


uhe 


Yacht Club'? 




e . 


the 


Quadrangle'? 




Hov; 


can 


you give tne loca::. 1 on to stn:in^e:' 


ii* he :/ant3 to 


a . 


e a I 


1 u nun? 




b . 


see 


a ^.angarc^'^' 




c . 


hear 


a concerf: 




d. 


see 


tne colj.ection c. ?. o^j'i.:. In-'Msr. rei.l 


c s 


e . 


read 


a book? 




f . 


buy 


a nev.'spaper'? 




g • 


have 


his tor:5 ' Is taken go*: 




h . 


take 


a course In advan:^e : oal :':luc? 





In giving ir.e location o:' ".o. ■ rlro House v/hlch v;as ; 
we can drov: the le*t-r:; E 'ir,-: h and write slrnoly * 
I:' we do t'.is , v/e mus:: agree always vo wni^e zhe * E'-st 
address" firit and tne "Nooth ao..:;'^^ss" second. 

E^,ot aadress ^ North address 



Give th-;- ^oc-a: 
this way. 



•:ne no :.:'\z:i ' r: F ool l- 
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as {";;, O) which means 

Nov to what location 
O : 



If a stranger asks you for the location or zhe park, you 
probably will say, "three blocks East''. li' he then asks 
how many blocks North it is, you may say, **no blocks North" 
or "zero blocks North" . Ilien you may express this location 
in the same way as in Proble: ^ 
5 , blocks East, C blocks North 
will you send a person who wants 
buy a Jar of peanut butter? 
pay his taxes? 
get a, tire repaired? 

enroll his eight year old boy in school'? 
take out a fire insurance policy? 
report a fire? 
have a burn bandaged? 
get some ointment for a burn? 
borrow a book? 
rent an office? 

What buildings are at corners having an East address 
and a North address which are the same*? 
On what kind of geometrical figure do these corners 
lie? 



a , 



address greater than 



What buildings have th.eir Ko: 
their East address? 
V/here do these buildings lie? 

List :ill the other locations whicn lie on the same 

street as the Restaurant: and the V^narf. 

List the corresponding rn:m.ber pairs. 

Vfha t do these number pairs have 1 n c ornmon ? 

Do yci: see that ouildings lying on rhe riame Norr/n-oc 

street all have the same East address'^' 



: tn 



List all the other bi.:i.l i ' ngs which, are on the same 
street as the Drug Sr,ore and the Quadrangle . 
Ll^it the number pairs corresporjdlng to these cuildlngs. 
Vc^hat do these i.um>-er oairs have In common? 



Do you see : 
street have 



na: 



same Nor': 



/inp on 
ia:iros:i ; 
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9. Suppose you wish to walk from the Office Buildinc to iL 
Fire House . V_ 

a. How many blocks East will you walk? 

b. How many blocks North? 

c. How many blocks in all? 

10. In Problem 9 suppose it were possible to cut straight 

across the blocks, how far would you have to walk? (Gi\Ke 
the answer in blocks, not in inches. To do this you wiir 
have to make your own ruler by marking the edge or a piece 
of paper in blocks. Measure between the corners at which 
the buildings are located, not between the buildings 
themselves . ) 



^9-2 . ■ C oordinates in the Plane . 

Now that you have answered the questions in the last 
section, you are ready to take up the general problem of 
locating points in a plare . 

First draw two number lines, one horizontal and or.c 
vertical . 



Notice that tne rovr ^jn^len 'ermined 
right anp:!^*^^. ::ow o.l^co cooru.nate^ o: 
rules : 

1- The point o:' I nt'-^rr-.'- : o;, - 
the ::0:'o-co :.nt ;or:.::rn en :.,o- 



'Tie.^-: i r.L's a.T^e all 
'^-^^ -irr- using these 

'■v; - '1 :. r:os !. s to : e 
Iries . 
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2. The same unit of distance is to be used on both 
lines . 

Now you have a picture that looks like this: 

si. Y 

2-- 
I • 



-I 1- 



'2 -! 



0 

"I" 

'2- 

Figure 2 



H K 



X 



The horizontal line is called the X-ajcis and the vertical line 
is called the Y-axis . The plural of the word "axis" is "axes" 
(pronounced axe-ease, with the accent on vhe axe) . The point 
of Intersection of the axes is called the origin . 

Now pick a point 3 in the plane of these two axes. In 
Figure 3, a point S has been marked. 



— r — r 



3 
2 

1 + 



o 



Figure 3 



X 



/ 



/ 
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Next draw a vertical line through S as in Figure 



Z 
I + 



• — I 1- 

-2 -I 



-2- 



Y 



H H- 



3 X 



Figure h ^ 

Look at the point where A crosses the X-axls . The 
coordinate of this point js called the X-coordlnafce of S, 
In this case the X-coordlnate of S Is 5, Now look at 
Figure 5 . 



I 



X 



-2" 



Flgure 5 

Here a horizontal line \^ 2 drawn through The 
coordinate of the point where this line' crosses the Y-axls 
Is called the Y-coordlnate of S, In Figure 6 you see the 
picture with both lines drawn Just as It will appear on your 
paper when you do this kind of problem. 
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S ^ 


I- 






-i - 

-2- 


1 1 

1 2 


3 X 



Figure 6 



Exercises 19'2a 
(Class Discussion) 

Using the picture below fill In the table. 











L 


— 4^ 

3- 






B 














J 










C 


L 


a 








A 














































































'5 




-3 






o 


1 


e 


3 


4 

- 


5 


6 


7 


6 


9 


10 










G 




--=2- 






i 




























--^ 






i 




























1 

I • 












— ^ ^ 




1 1 ! 
' i 

Figure 7 ' ' 


' i 


..... 



Point 


A 


B 


C 


D 


E 


F 


G 


H 


I 


J 


K 


L 


M 


X-coordlnate 




























Y-coordlnate 
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Naturally, we should like to find a shorter way of giving 
the position of a point. It takes too long to write: 

The X-coordinate of A is 3 and the Y-coordinate 
of A is 2. 

Instead we shall simply denote A by (5,2). 

You might wonder how people can tell which number is the 
X-coordinate and which is the Y-coordinate . 

It happens that people all over the world have agreed to 
^ put the X-coordlnate first and the Y-coordinate second. 

Drawing a point in the plane when its coordinates are 
given is called plotting the point. You will be asked to plot 
several points in the following exercises. 



Exercises 19-2b 
(Class Discussion) 

1. Copy the table and fill in the coordinates of the points 
shown in Figure 7 . 



Point 


A 


B 


C 


D 


r 

E 


P 


G 


H 


r 

I 


J 


K 


L 


M 


Coordinates 


(3,2) 


(2.3) 

























2. a. What do the points E, L, H and K in Figure 7 

have in common? 
b. What do their coordinates have in common? 

3. a. V/hat do the points C, L, A and M have in common? 
b. What do their coordinates have in common? 

4. Plot the points whose coordinates are given below. 



Point 


P 


Q 


R 


S 


T 


U 


V 


W 


X 


Y 


Z 


Coordinates 


(»>4) 


('6.. 0 




CI. 3) 


("4.3) 




C5.-4) 




(-3,-4) 


(-5,-0 
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You ^111 remember t^at a line separates a plane into two 
half-planes. The X-axis separates the plane into two half- 
planes called the upper half-plane and the lower half-plane. 



UPPER HALF-PLANE / 
( Y-coordinate positive) 

. /////////////////// //////. 

LOWER HALF-PLANE j 
(Y-coordinate negativ|&-y" 



Do you see that : 

.points in the upper half-plane have positive Y-coordlnates? 
points in the lowsr half-plane have negative Y-coordinates? 
points on the X-axis have Y-coordinates equal to zero? 



LEFT 
HALF-PIJINE 

^X-coordinate 
negative) 



RIGHT 
HALF-PLANE 

(X-coordinate 
positive) 



You should see that; 

points in the riglit half-plane have X-coordinate positive; 
points in the left half-plane have X-co9^^'nate negative; 
pc^nts on the Y-axis have X-coordir(^t^/equal to zero. 



311 



19-2 

If you place one of the last two pictures on top of the 
other, you can see that these four half-planes intersect In 
four regions. ITiese regions are called quadrants. 



V 




These quadrants are simply the Interiors of the four (right) 
angles formed by the two axes . 



Exe rcl sf- \ 19-2c 
(class ulscusslon) 

Points In the first quadrant have X-coordlnates 

since they lie In the half-plane; and they have 

Y-coordlnates slnde they lie In the 

half-plane. 

Points In the second quadrant have X-coordlnates 

since they lie in the half -plane; and they have 

Y-coordlnates since they lie in the _____ 

half-plane . 

Points in the third quadrant ha^e X-coordlnates 

since they lie in the half-plane; and they have 

^ Y-coordinates since they lie in the 

half-plane. / 
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Points In the fourth quadrant have . X-coordlnates 

since they lie in the half-plane; and they have 

Y-coordinates since they lie in the 



half -plane. 

You may use a picture to help you remember these facts: 



c- 



^ I 



m 

c-,-} 



"G? 



Exercises 19-2d 

Plot the following points and draw line segments connecting 
each point to the following one. Then -onnect the first and 
last points . 

A (0, 9). B (5, 5), C (2, 6), D (6, 2), E (2, 3), 
F (7, '2), G (1, '2), H (1, "7), I ("1, '7), J ("l. "2), 
K ri, "2), L ('2, 3), M ("6, 2), N ("2, 6), 0 ( "S , 5). 
Plot the following points ani draw line segments connecting 
each point to the following one . Connect the first- and 
last points . 

A (6, 1), B (8, 4), C (7, 0), D (10, "3), E (6, "l), 

P (-3, "5), G ("9, "M, H (-6, -?.), I ("9, "2), J ("7, 1), 

K (0, 4), L ("1, 2) . 
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a. Plot the following points: A (7, "3), 3 (**'2, 10), 
C (""2, "6), D (7, 7), E ("3, 2) . 

b. Draw the line segn'ients: AB, BC, CD, DE, EA*. 

Without plotting, give the quadrants of the points whose 
coordinates are given below. 



a. (5, 5) 


g. 


("5, "5) 


b. (1, 


h. 


(100, 2) 


c. ( 4, 4) 


i . 


(;>i, 51) 


d. {"5, 'D 


J. 


('7, "72), 


e. (8, 6) 


k. 


('51, 25) 


f- ("7, 1) 


1 . 


('27, '100) 


Plot the following points 


using 


the same coo 


a. A 2) 


f . 


F ("|, "|) 


b. ("|, '|) 


g. 


G (0, ^) 


c -1, 


h . 


H {\, -2) 


d. D ( j, 0) 


i . 


I ("6, '|) 


e. S (-6, ^) 


J. 


J (0, 0) 



Plot the following points using the ^ame coordinate plane 

a. A (1.4, 5.3) 

b. B ('5.5, "5. 5) 

c. C (6, '2.1) ^ 

d. D (~3, 3 .3) 

e. E (0, ~1.5) 
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7. Here 'is a map with X- and Y-axf . 
"integer points" marked on the axe 

Y 



rawn on it and the 




Give (as accurately as you can) the coordln" " r 

a. the door of the church 

b . the gasoline pumps 
the ends of the highway bridge 
the middle of tht railroad bridge 
the corner of the orchard 
home-platfc on the baseball diamond 

g. the crossroads on the left bsink of the river 
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8. On the map in Problem 7 wh-v. voj : :nJ ri*: 
following points: 

a . The origin i . , - . , ~. \ 

c . (5.-; 0.7) :■ . (": ^ ^ 



ig-'T. ■ Graphs in rhe Plane . 

The study of .'eomevry v;li:n tne u::e or coordinates in 
calJed coordinate geometry . This branch of mathematics wa^ 
'^^tarted by the ?^^athematici3n Rene' Descartes in io''7. This 
invention was a great st'.:. •.•orwird in mathematics and made 
possible the dj-scover^r ol' calculus v;r;.': o:-: foil »^ved shortly 



^ f t e r . In the rest or t .[ ; ■ * ; : 
very simple coordinate reometry. 



l-'-'ir-n about som^ 



Exercises 1 y-'a 
(Class Discussion) " 

On the coordinate i.-l-ine 'elov; we have drawn the line ^ 
throug]^. the point A [O, o) nnd tne point 5 (5, :. ) • The notation 
B (5« 5) means that B i, 
whose coordinates ar^e (-i, 




ERIC 



Thi.» fact. In ^^xfr^n^ M'- \ 
the w:rai)ri o: :i : • :. < 



ERIC 



f 

point. • ) i :■• 



1 




ERIC 
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a. ■• -.iv.: ] - ..rr. :: . ■ 

. Cr. ■:he i^^in-'V ^zc-:--: '. : 

<^ . U":;e -1 I. ' or -i: 

nor! - Ivo . 

H . I- 1.0'. • -vr r -'-^^ ^ 
: , Or; ' f;- "V^v r-^; : 
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7". Find the graph oV y = i-x in the same way. 

a. Make a table as in Problem ^' \:::ing as X- : oor .i ; rK: : 

0^ "10, 7, , : ' ' » "''.'> i - . "^.f^ • 

Find the Y-coordl nates u:i'ing , y 7-;^^ - 

b. Plot these points and draw the curve trir^^iRh th^-rr, . 

c. Check some other points on tniB curve. Do t:i-!r 
coordinates seerr. to satlsi'y y • --y^'- 

F'nd the , -aph of the equatlori y : 

a. Chec;. , nat the coordinates o:' the Lo!r;-.3 (0. 0) ana 

(9, 6) satisfy this equation. Plot these joints and 

I. Select rive other po!r:t^: on ;.h: :: : ! taklri/ :■ ;:n*^- 

points on each s^u- ot lit-- a.^! . 1^ '.:iv- ^I'joV':'. rr^lr-: 
oV these r^jlril:? ;:cf^^-T! :--^v ^-r -i t : ':n y - —x ' 
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All the graph !j you have drawn in '-he Lrii' i 1. ui' 
exercises, and some others as well, ^a' shown Ln rhr- > i lov; 1 iic?; 
figure . 
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L J. ne s t: h ro u gh t: h e o r 1 r. In r ' * > i ^' ■ • i ; ^' o : . I : i • 
using gx\aphs 'co do ^nuit ipl Lcav Lor; ro:. U. . "^-i 1 
when we have a whole I.l.si: d': ;'nL^.':'L.: c 
the same t'act:or. For exami.'le, ^u;ppo;;v you -iV' 
of elevations ol' geo^r'aphical po!nit: I:, i: ! . 
you wi sh to chan^^.e i o e 1 e v a t i out- ' : i :n 1 I ^.* . ■ : 

elevations in kilorner-crc :,o clev.'i: .! c:k' '.ij 
multiply uhe numoer or kiiofneuen; ■ y 0.' ' ; ■..:.<• 
then the elevatlor) In mlleL:. I:: oMn/:' :j . ! y 

elevation oT a cerVain polnl In k ' i o:;io ' r ■i':,^ ;.■ 
elevation o:' -.iii- 3n:ne i-jlnl :.n :ti11cs, v;- ii-tV' 

y [C .):•:. 
y = (0 .6: jx . V/c i.; : ;. ;■ l . . 
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You should not try re-.i:i Ihe c 
graph any closer than the neai^esi ten 
of "rounding" thf* answer. This expla 
exactly the sanio reculu which you ger 

Until now we have been doing mi.:l 
b graph i c a 1 1 y only w h e n t h e 1 1 u :n 'v e : ' 
method worKs 'usi as well wiv^n I is 



Exerc j 3es 1 
( Class DiscuL-. : o 

Let us iraw the graph o:^ 

1. First find :he Y-coord:na:,e.s c:' \ 
for which the X-coordinates are g 
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b. Plot the points whose cocrJinates vou :oun. 

c. . On what kind of curve cio these cclntr ILe? 

Answer the quesrions In Frobleni 1 :'or thf- s^.'ne 
and for the follcwing equations: 

a . y = X 

b . y = ~2x -r ^ 
c . y = "2x - 1 

Given t e equation ;,• = -x : 

3 . Find the Y- ^ ocrdl ri: es : • r vne ' nr ^ -'or v; 
X-coordlnnt - are Klve:^- * •■ n ■ ^ 



(a) . 



:oordl:iates 



X-coo ri 



Dc- these pc : 



yin.: tne 
X-Joor:::; 
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We can find the result by counting the number of units from 

A to B. We find the answer to be J. Vfe could also have 

obtained this result by subtracting the coordinate oi' A from 
that of B: 

5 - 2 = 3 < 

What Is the distance between C and D belov/? 
D C 

> t ! 1 1 1 4 1 1 1 } 



Again we can count the units between C and D and' find that 



the distance Is 6. 
D from that of C, 



Or we could subtract the coordinate of 



("2), 



and again obtain 6 . 

We see that r^^e distance between two points on the number 
line is th^ dlf fv:]. ' of the coordinates of these polnts-- 
the greater minus ohe smaller. 

The same method can be applied to finding distances 
between pairs of points in the coordinate plane in certain 
special cases , 

Y 



5 

-3 

-2- 



i o 



|- 



Af^.O) 



Figure 11 



331 



19-5 



Let us find the distance between A(2, 0) and B(5, O) 
in Figure 11. The X-cooVdinates of these points are Just the 
coordinates of these same^ points on the X-axis when we consider 
the X-axis as a number line. So the distance between a(2, O) 
and B(5, 0) is 5 - 2, the difference of the X-coordinates 
of these points . 

Now let us find the distance between the points C(2, h) 
and D(5> ^) . You can see that the points ABDC form a 
rectangle. The opposite sides AB and CD therefore have 
equal lengths . We know that the length of AB is the 
difference of the X-coordinates of A and B. But the 
X-coordinates of C and D are respectively the same as 
those of A and B. Therefore, the distance between C and 
D is the difference of the X-coordinates of C and D, or 
5-2. You should be able to see that: 

If two points lie on the same horizontal line 
(or what amounts to the same thing, if they have the 
same Y-coordinate ) , then the distance between them is 
the difference of their X-coordinates (the greater 
minus the smaller.) 

Similarly: 

If two points lie on the same vertical line 
(or what amounts to the same thing, if they have the 
, same X-coordinate ) , then the distance between them 
is the difference of their Y-coordinates . 

_Now W£- know how to find the distance between two points if 
they lie on the same horizontal line or if the-'- lie on the same 
vertical line. But how can we handle other situations? For 
example, how can we find the distance between the points A 
and D in Figure 11? or between the points C and E? 

Here 'is one thing we can do. V/e can make a ruler by 
marking off on the edge of a sheet of paper the units used in 
constructing our coordinate .system . 
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PIECE OF PAPER 



Then we can use this ruler to measure distances between points 
In Figure 11, We show how to measure the distance between C 
and E In the following figure: 




Figure 12 



We see that the distance between C and E Is 
approximately 7.2. Measure the distance between A and D 
|ln Figure 12, In some ways this method of finding distances 
lis not very good. When we were given the coordinates of two 
points on the same vertical or horizontal line we could find 
. the exact numerical value of the distance , When we have to 
; measure to find distances, the accuracy of our answer depends 
on the accuracy with which our points are plotted and the 
accuracy with which we can read our ruler . After we have read 
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the next two sections, we shall.be ready to work out a method 
for finding the exact numerical value of the distance between 
any two points . 



Exercises 19-5 

1. Find the distance between the following pairs of points 



\ 



• without plotting. -Tell whether the points lie on a 
vertical line or on a horizontal line. 

a. (0, 0) and (5, O) e. (2, 7) and (2, "l) 

b. (2, 0) and (2, 7) f. ("6, "l ) and ("5, "l) 

c. (5, 4) and (8, 4) g. ("8, 2) and (7, 2) 

d. (5, 4) and (5, 9) h. ("4, "8) and ("4, "6) 

Plot the pairs of points given In Problem 1 and check your 
answers to Problem 1 on your graph. 

a. Draw the triangle whose vertices are the points 
A(4, 0), B(0> 5), C(0, 0). 

b. What Is the length of AC? 

c. What Is the length of BC? 

d. Make a ruler like the one described In this section 
and measure the length of AB. 

a. Plot the points A(0, O), B(6,'0'), and C(5, 4). 

b. Draw AB, BC, AC and measure these distances with a 
ruler made out of coordinate paper. 

a. Plot the points A(2, 2), bC2, 2), CC"2, "j), and 
D(2, '5). 

b. Draw AB, BC, CD, and ^ DA , and find their lengths. 

c. What kind of curve Is this figure? 

d. Draw the diagonals. 

e. What are the coordinates of the point of Intersection 
of the diagonals? 
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6. a. Plot the points S(2, l), T(;s 5), U(*'2, ;0 , and 



b. Draw ST, TU, UV, and VS. 

c . V/hat Is the distance from S to V? 

d. V/hat Is the distance from T to U? 

e. V/hat Is the name of the quadrilateral STUV? 

f . Draw the diagonals and find the coordinates of their 
point of Intersection from the graph. 

7. The. vertices of a trapezoid are at the points ("•'•, 

(O, 0), (5, O) and (7, . Plot these points. V/hat 
are the lengths of the parallel sides of the trapezoid? 



19-6. A Property of Right Triangles . 

In this section, and In the next, we are going to study 
a famous property of right triangles. It Is Important In 
elementary mathematics as well as In the most advanced 
mathematics. It Is also very Interesting and simple tc state. 
Take a right triangle 



v(^5, 1) . 




and place a square on each side of its edges as shov/n: 
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Then the area of the square placed on the hypotenuse (the side 
opposite the right angle) is the sum of the areas of the other 
squares. If the lengths of the sides are a, b, and c, 
jvith c being the length of the hypotenuse, then the state- 
ment becomes 

a + b- = c . 

You can check the truth of this statement in some simple 
cases. First locate the point k(h, 0) and the point B(0,3) 
on the coordinate plane. B (0 3) 



C(0,0) 




A(4,0) 
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Let the point C be the origin (O, 0) . Now the angle ACB is 
a right angle so that the triangle ACB is a right triangle 
with its segment AB as hypotenuse. The sides AC and BC 
have lengths ^ and 5 . If you now measure the length of AB 
:you will find that this length, seems to be exactly 5- It is 
easy to check that 

This shows that the relation 

2 ^2 2 
a + b = r 

seems to hold in this case, but you have not proved it. If 

the true length of AB were 5.01 you would not have detected 

it in your measurement . In that case 

2 2 2 
a + b and c 

v/ould have been nearly equal but not quite . The accuracy to 
which a^ + b^ and c^ agree in your drav;ing depends on the 
accuracy of your drawing and your measurement. 

The first person known to have given a proof of this 
property was the Greek mathematician Pythagoras, who lived 
about 500 B.C. (nearly 2500 years agol). Because he was the 
first to prove it, the property is still known by his name; 
it is called the Pythagorean Property . 

Pythagoras proved that: ijn any right triangle , the area 
of the square on the hypotenuse (longest side) is^ equal to 
the sum of the areas of the squares on the other two sides . 

In the next section, you will see a proof of the 
Pythagorean Property, but it will not be the proof given by 
Pythagoras . 



Exercises 19-6 

1. In each of the following cases, two vertices of a right 

triangle are given. The third is C(0, 0)- Draw each 

triangle. Measure AB as carefully as you can and check 

2 2 2 
to determine whether a + b = c . 

a. A(12, 0) B(0, 5) "c^.' A(24, O) B(0, 7) 

b. A(15, 0) B(0, 8) d.. A(21, 0) B(0, 20) 

337 

1 0 O 



19-7 



.2. In the following problems AB is not *i whole number. 
Measure AB to^the nearest tenth and see how closely 
a + b and c" agree. 

a. A(5, 0) B(0, 2) 

b. A(5, 0) B(0, ''0 

c. A(7, 0)' B(0, 5) 



19-7. A Proof of the Pythagorean Property . 

The purpose of this section is to prove the Pythagorean 
Property. Before we can begin this proof two simple facts, 
must be pointed out . 

First let us consider ^J right triangle ABC 



with the right angle at c. The sum of the measures of the 
three angles of the triangle is l30 and the measure of the 
angle C is 90. 

Therefore the sum of the measures of angles A and B 
(the angles marked 1 and 2) is 90, Now cut out an exact 
copy of A ABC, call it A A»B'C'. 



B 
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The two angles marked 1 will have equal measures. So 
will the two angles marked 2. Now move the triangle A'B'C 
until A» coincides with B, and coincides with A, 

and C and C are on opposite sides of like this: 




■ We s6e that the ifigure we have obtained is a rectangle 
because each of the corner angles is a right angle. This is 
true because we have already shown that an angle marked 1 
and an angle marked 2 have the sum of their measures equal 
to 90. 

That Is the first of the simple facts which we need. The 
second i3 even ^simpler. It is this. Suppose you have a region, 
say a rectangular region as shown. 




And suppose you make a cut-out of another region, say a 
triangular one, as shown. 
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And suppose you place this cut-out on top of the rectangular 
region. Then the area of the part of the. rectangular region 
remaining uncovered will be the same, no matter where the 
triangle is placed. 




With this ground-work laid we are ready to prove the 
-Pythagorean Theorem. First take any right triangle with sides 
•of length a, b, and c, where c is the hypotenuse. 




b 

i 

Cut out four exact copies of thi,b triangle: 
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Next draw a square with side a + b . 



<3 4- b 




Place the 4 cut-out triangles on the square in two different 
ways like this: 



a b b ^ 




Figure 13 Figure 14 

As we have observed, the shaded regions will have the same 
area in the two cases . In Figure 15 we see that the shaded 
area is the sum of the areas of a square of side a and a 
square of side b. We shall show that the shaded region in 
Figure 14 is a square with side c . 

Since this region has 4 sides each of length c all 
we have to show is that each angle has a measure of 90. Look 
at Figure 14. \^ Note the three angles marked 1, 2 and 3 
having P as vertex. We know that the sum of the measures of 
these angles is l8o. But the sum of the measures of the 
angles marked 1 and 2 is 90. This leaves 90 for the 
measure of the angle marked 3- In the same way we see that 
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the other angles of the shaded region in Figure l4 are right 
angles. This region is therefore a square with side-length c. 

Now we have shown that 

a + b = c . 



Exercises 19-7 

1. Find 1 if = a^ + b~ and 

a. a = 3, b = 4 

b. a = 5, b = 12 
c . a = 24, b = 7 
d a = 10, b = 10 

2. i Find a^ if = a^ + b^ and 

a. b = 9, c = 15 

b. b.= 20, c = 25 
6 . b = 20, c = 29 

d. b = 1, c = 15 

/ ., ■ 

5 . Find the number* whose square is 

a. 64 f. 900 

D. 225 g. 10, .000 

c. 169 h. 1600 

d. 144 i. 121 
e . 100 j . 2500 

4. A square piece of land contains 810O square yards. What 
is the length of one aide? 

5. If two legs of a right triangle are I8 inches and 24 
inches long, what is the length of the hypotenuse? 

6. . What is the length of the diagonal of a rectangle whose 

length is 3 feet and whose width is 6 feet? 
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The fo llov/ing n^-ures are all 
lengtli of tine rriM^slng side, 
a . b . 



c . 




Hv^lGs. Pine! ^Si'.c 



48 .>n 




50 ?n 



- - -^by 30 in. Can yov. 

so o na t L ' ^ .1 .1 : !. C l" 



:iC "^^ox l:as a rcct articular oase 1/) in , 
pad-: a' gun ''^i In. a.onc i-'^ tiie box 
lat on ti":e bjctoni. 



19r3. Back to Distance 



Nov; that we knov; the Pyti^agoicearf Property v;e a;^e ready to 

. ?turn to the proolem oi' distance in the plane. This time we 
solve the problem completely. 

Let us try to find Nie distance lecv/een A^O, ) and ^ 



A (O, 3) 



B C4,0) 
I 2 3 4 5 



3^13 
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These two points, together with the origin, 0, are the 
vertices of a right triangle . ^'--^ 





OkO.O) \ B(4,0) 



The lengths of two of the sides OA and OB are seen to be 
5 and 4. The length of the hypotenuse AB is the distance 
between A and B. Now we can use the Pythagorean Property. 
It tells us that 

2 2? 
AB = OA + OB 



or 



AB^ = 3^ + 4^ =: 9 + l6 = 25. 



And now since the square of the number AB is 25 we see 
that 

> 

AB = 5. 

Check this by measuring. 

Let us try another problem. Let us find the distance 
between C(0, 5) and D(6, 0) , 



Again we have 



or 



C (0,5) 




D(6,0) 



2 2 2 

CD = OC + OD 



CD^ = 5^ + 6^ =.25 + 36 = 6l 
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We see that CD^ = 6l but what Is CD itself? Do you 
know a number whose square Is 6l? V/e handle this by writing 

CD = v€l . 

V/e read this as CD equals the square root of 61 . The symbol 

" Is a name for the positive number v/hose square Is 
61 . Similarly, the symbol " n/5 " Is a name for the positive 
number whose square is 5/ and ".-sA" " is a name for the 
positd^ve number whose square is . 

But what is ? It is easy to see that = 2 

because 2^ = 4 and = 3 because 3^ = 9 and ^25 = 5 

because 5 = 25 . But there is no whole number whose square 
is 61.. V/e shall learn more about numbers like -J^ in the 
next chapter. For use now, there is a table at the end of this 
chapter which gives decimal approximations to the square roots 
of counting numbers from 1 to 100. This table gives 
approximations to the nearest thousandth. For example, opposite 
61 in the table of square roots we find T.'^IO. This tells 
us that 

7.3095 < v€i < 7.3105. 
You could have found this without the table by notiigg that 

7^ = 49 < 61 and 3^ = o-'i > 61 ^ 

so that 7 < v€i < 3 . 

And (7.3.)^ = 60. 3n < -61 and (7.9)^ = 62... 4l > 61 

so that 7.3 < < 7.9 and so on . 

Now we are ready to consider the general case. We shall 
try to find the distance between the points A(l, 2) and 
B(3, 6). For this purpose let us suppose we have a bug v;hich 
can move only on vertical and horizontal lines. Put the bug 
down at point, A and let him move to point B. How can he 
do this? 
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X-coordinate ° 
of A 



t B C6,6) 



ACi>2) 



/' 2 3 4 5 6 T 8\ ^9 10 



X-coord.inate 
of B 



. As you can see he v^ill first travel horizontally until he 
reaches the vertical line through B. Kow far will he travel 
horizontally? Can you see .that this distance is the difference 
of the X-coordinates of the points A and B, or 8-1? 

Next he will turn the corner and proceed along this 
vertical line to B. 



Y-coordinate 
of B 



B (8,6) 



Y-coordinate 
of . 




How far will he travel vertically? Do you see that this 
distance is the difference of the Y-c6ordinates of .A and 
B,- namely ,6-2? 

Finally we see that the path of the bug consists of a 
horizontal segment and a vertica] segment. Moreover these 
two segments form the sides of a right triangle which has the 
segment AB as hypotenuse. 
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I 2 3 ^4 S 6 T 8 9 10 



Since we know the lengths of the other two sides, we can use 
the Pythagorean Property to calculate the length of the 
hypotenuse . We have : 

AB^ = (8 - 1)^ + (6 - 2)^ = 7^ + 4^ = ^9 + 16 = 65 

and therefore ' - . 

AB = . 

Now, using the table of square roots at the end of the chapter, 
we- find that AB Is approximately 8,062. 

Collecting what we have learned from this example so that 
we can use It in other cases, we have: 

1 . Every segment AB Is the hypotenuse of a right 
triangle having one horizontal side and one 
vertical side . ^ 

2. The length of the horizontal side is the difference 
of the X-coordlnates of A and B. The length of 
the vertical side Is the difference of the 
Y-coordlnates of A and B. 

.5. The Pythagorean Property therefore gives us: 

AB^ = '(diff . of X-coords.)^ + (dlff . of Y-coords.)^- 



^1 
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Exercises 19-8 



The points A, B and C are the vertices of right 
triangles. Find the lengths of the sides and draw the 
triangle In each case. 

a. A(0, 6) B(8, 0) C(0, 0) 

b. A(l, 2) 3(4, 6) C(4, 2) 

c. A(l4, 3) B(2, 8) C(2, 3) 

d. A(7, 0) B(22, 20) C(7, 20) 

e. A(l, "2) 3(5, 1) C(5, "2) 

Find the distance between the points In each case, and 
plot the points on graph paper. If the distance Is not 
an Integer use the square root symbol to express your 
answer . 

a. (ho, 0) and (O, 30) e. (1, i) and (4, 5) 

b. (20, 0) and (O, 21) f. (8, 8) and (32, 1) 
,c\^ (2, 0) and (o, 3) g. (4, 4), and ("4, 10) 
d. (2, 0) and ("7, O) (1, 1) and (5, 7) 

Give common names for each of the following: 

a\ V9 f. yi ■• 

b. \y25 ' 0,000 

c. -/^ h. -n/3^00 

d. yieg l/ -^324 

e . ^/kob J . ^^289 
Fill in the blariks with whole numbers . 

a. Since 2^ = and 3^ '= , if c^ = 6 then 

c must be a number greater than and less 

' than . 

b. Since 8^ = and 9^ = , if = 72, then, 

c must be a number greater than and less 

than 
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Locate each of the following between two consecutive 
integers: (For example: 4 <-/T9 < 5 since 4^ = 
and 5^ = 25.) 

a. V5 e. ^/65 

b. -/To f. ^32 

c. ' 750 ' g, 

d. '^71^/. ih. yiooo 

Using the table at the end of this chapter find approxi- 
mations of the following to the nearest hundredths. 

b. 730 I 

d. ^9025" 

e. -/4096 

How long a ladder Is needed to reach the roof of a house 
.9 feet above the ground If the bottom of the ladder must 
be 4 feet away from the side of the house? 

On ^ the map of Problem 7^ Exercises 19-2d, find the 
distance between: 

a. The railroad grade crossing and the home plate of the 
baseball diamond. 

b. . The door 6f the church and the gasoline pump on the 

right. 

BRAINBUSTER . Using mathematical signs and symbols and 
without changing the position of the digits, make a true 
statement: 2 9 6 7 = 17. 
(Hint: 'Use the symbol for square root.) 
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19-9.;; Summary . 

/ "A coordinate system In the plane Is established by choosing 
.a horizontal line ( X-axls ) and a vertical line ( Y-axls ) and 
marking off coordinates on each line so that: 

1. The point of Intersection Is the point labeled 
0 on both lines; 

2. The same unit of distance Is used on both lines. 

Such a coordinate system enables us to represent the location 
of any point in the plane by a coordinate pair . The point of 
intersection of the axes is called the origin and has coordi- 
nates (0, 0) . 

The X-axis separates the plane into two regions called the 
upper half-plane and the lower half-plane . The Y-axis separates 
the plane into tv/o regions called the right half-plane and the 
left half-plane . The two axes separate the plane into four 
regions called quadrants . 

Points lying on the same vertical line have the same X- 
coordlnate. Points lying on the same horizontal line have the 
' same Y-coordinate . 

The points (x, y) f^r which y = bx lie on a line which 
parses through the origin. This line is called the graph of 
the equation y = bx. Such graphs enable'us to do multiplica- 
tion problems graphically. 

The distance between two points which lie on the same 
horizontal line is the difference of their X-coordinates . The 
distance between two points lying on the same vertical line is 
the difference of their Y-coordinates . To express the distance 
between two points when they lie in other positions we need to 
know the Pythagorean Property. 

The Pythagorean rroperry is: the square of the length of 
the hypotenuse of a right triangle is equal to the sum 6f the 
squares of the lengths of the other two sides. . 

The square of the distance between two points A' and B 
is given by: ' • 

(difference of X-coordinates)^ + (difference of Y-coordinates)^. 
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The positive numbei- whose square ii3 5 is denoted 
'Jb (read: the square root of five.) Square roots of 

whole numbers from 1 to 100 are given to ohe nearest 

thousandth in the table on pages 35^-355. 



19-10. Chapter Review , 

Exercises 19-10 

Pill in the blanks in Problems. 1 through 8, using answers 
..from the following list: 



vertical m X-axis 

upper lower Y-axis 

X IV positive • 

I line negative 

Y origin half-plane 



horizontal 

1. ^ The-points (6, 2) and ("5^.2) lie on the same 

line . 

2. The points ("5, 7) and ("5, "5) He on the same 

line. 



5. Points in the half-plane have Y-coordinates positive. 

^. Points in the left half-plane have . ' coordinates 



5. The graph of the set of points (x, y) for which y > x 



6. "Hie graph of the set of points (x, y) for which ,y = Jx 
is a through the . , ~" — 

7i Except for one point, the graph in Problem 6 lies entirely 
in quadrants ^ and . 

The graph of , the set of points (x, y) for which y = ""2x 
lies in quadrants and . 
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2 / 

9. A certain point lying on the graph of y = x has 
X~cobrdinate = J. What is its Y-coordinate? ' 

1*0, Without plotting, give the quadrant in whichoeach point 
lies: 

a. (7, '5) d. ('8, 2) 

b. ("3, "7) e. (2, "4) 

c. {h, 5) f . ('2, -4) 

11. Find the distance between (2, 3) and (3, 2) . 

12. Find the distance between ('l6, "5) and (24, h) . 

13. Using the table at the end of the chapter, find decimal 
approximations to the following square roots to the 
nearest thousandth: 

a. 'aA3 
' b . ^ 

c. V81 

d. 7121 

14. In a certain rectangle, the diagonal is only 1 inch 
longer than the longer side . If the longer side is one 

, .foot in length, how long is the shortfer side? 



19-11. Cumulative Review , 

Exercises 19-11 

1. The vertices of a quadrilateral are the points ("4, 3), 
(0, 0), ('s4, 0), and (0, 3). Plot these points. Find 
the lengths of its sides. What kind of quadrilateral 
is it? 
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2 . ' Find the value of 

a. " 1 + 2 + "(|) + i- 

f--(f' 

«• "(5) T "(5-) 

5'. Arrange the following set of numbers in order, from 
smallest to largest . 

{""10, 0.001, ""1 .1, 0.01, 0.009, "1 .099} 

4. Which is larger? ^ or ^ 

5. Subtract ""20' from JO, then divide the result by 5, 
then multiply this quotient by 2, and th'en divide 

by ""20. 

6. If a number is represented by ^ ^ , find its value 
when 

a . n = 0 
. . b. n = "1 
c . n = 5 

7. An oil storage tank is in the shape of a rectangular prism, 
15 ft. long,- 12 ft. wide, and ^ ft. high. How 
many loads of oil must a truck carry to fill the tank? 

The truck is a circular cylinder which is 10 feet long, 
and whose radius is J feet. (Use K = J.lH.) 

8. In triangle ABC, AB = BC and mZ. ABC = 70, ^ 

a. find m Z. C 

b. find mJLk 

A 

■ c. what kind of triangle is A ABC? 

9. A circular cylinder is 3 ft. high and the diameter of its 
base is . 5 ft. (Use V = 5.14.) 

'a. How many cubic -^feet are in its volume? 
b. Hpw many square feet of total surface area does 
it have? - : 
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TABLE 
SQUARES AND SQUARE ROOTS OF NUMBERS 



"X 



No, 



1 
2 

3 
4 



Squares 



1 

9 

16 

25 



Square 
roots 



No . 



Squares 



1 .000 
1.414 

1 .752 

2 .000 
2 .236 



?6 
37 
33 
39 
40 



1,296 
1,369 
1,44/4 
1,521 
1,600 



Square 
roots 



6.000 
6' 033 
6.164 
6.245 
6.325 



6 
7 
8 
9 
10 



11 
12 

13 
14 

15 



16 
17 
.18 
19 
20 



21 
22 

23 
24 

25 



36 
49 
64 
81 
100 



121 
144 
169 
196 
225 



256 
289 
324 
361 
■400 



441 
484 

529 
576 

625 



2 . 449 
2.64.6 
2.823 

3 .000 
3 .162 



41 
42 

'^3 
44 
45 



1,631 
1,764 
1,3 '^9 
1,936 
2,025 



3.317 
3 .464 
3 .606 
3 .742 
3.373- 



46 
47 
43 
49 
50 



2,116 

2,209 
2,304 

2,401 
2,500 



'^.000 
4 .12 V 
4 .243 

^.359 
4 .472 



't.533 
4.690 
4.796 
4.899 
5 .000 



51 

52 
53 
54 
55 



2,601 
2,704 

2,309 
2,916 

S. 025 



56 
57 
58 
59 
60 



3,136 
3,249 
3,364 
3 , 431 
3,600 



6.403 
6.431 
6..557 
6.633 
6.703 



6.732 
6 . 356 
6.923 
7.000 
7.071 



7.141 
7.211 
7.280 
7.3^3 

7 . ne 



7 . 483 ■ 
7.550 
7.616 
7.631 
'7.746 



26 
27 
28 
29 
30 



31 
32 

33 
34 
35 



676 
729 
784 
841 
900 



■ 961 
1,024 
1 , 039 
1,156 
1,225 



5.099 
5.196 
5.292 
5.?35 
5.'^77 



5 .56R 
5.657 
5.7'i5- 
5.351 
5.^16 



61 
62 

65 
64 

65 



5,721 
5,844 

3,969 
4,096 
4 , 2?'T 



G6 
67 

63 

69,' 

70 



4,356 
4,439 
'i,62iJ 
4,761 
4,900 



7.310 
7.374 
7.957 
3.000 
3.062 



3.12^4 
3.105 
3.246 
3.307 
3.367 



55^ 
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Square Square 
No. Squares roots No. Squares roots 



71 


5,04l 


8 .426 


86 


7096 


9.274 


72 


5,184 


8 .485 


87 


7,569 


9.527 


75 


5,329 


8 .544 


88 


7,744 


9.581 


74 


5,476 


8 .602 


89 


7,921 


9.454 


75 


5,625 


8.660 


90 


8,100 


9.^^87 


76 


5,776 


8.718 


91 


8,231 


9.559 


77 


. 5,929 


8.775 


92 


a, -464 •■ 


9.592 


78 


6,084 


8.852 


95 


" 3,649 


9.644 


79 


6,241 


8.888 


94 


8,836 


9.695 


80 


- 6,400 


8.944 


95 


9,025 


9.747 


81 


6,561 


9.000 ' 


96 


9.216 


9.798 


82 


6,724 


9.055 


97 


9,409 


9.849 


85 


6,889 


9.110 


98 


9,6o4 • 


9.899 


84 . 


7,056 


9.165 


99 


9,801 


9.950 


85 


7,225 


9.220 


100 


10,000 


10.000 



I 




\ 
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Chapter 20 
REAL NUMBERS 

204l. Real Numbers as Points on the Nmber Line . 

In your esirller work you learned to use the member line 
to give the lengths of segments* Now recall how this Is done. 
Here Is a segment 



.To find the length of this segment, open a compass and place 
the needle at A and the pencil point at B. 




Then move the ccmpass so that the needle and pencil point fall 
on the number line with the, needle at the origin and the pencil 
point to the right of the origin. 




The number corresponding to the point at which the pencil point 
.falls, tells us .the length of the segment AB. Ip the case 
shown that length is 5. 
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In particular if we choose a point P on the number line 
then the number corresponding to P is the length of the 
segment OP, 

.0 P 

-J ! — C\l 1 J I i L^. I 

-2 -I 0 \l 2 3 4 5 6 7 

By now this must seem very obvicus but it leads to a very 
important conclusion. Lf e very segment is to have a. length , 
then for every point on the number line there must be a 
corresponding number . (Perhaps we should only say that every 
point to the right of the origin must have a corresponding 
number. But' then if every number is to have an opposite, the 
points to the left of zero must have corresponding numbers 
too.) 

We are going to agree that every point on the number line 
represents a number. (Probably many of you have been operating 
jnder this assumption ? ^ ready . If you have, so much the 
better.) The set of numbers represented by the entire set of 
points off^a.the number line is called the set of real numbers. 

The only kind of numbers we have met so far are the 
rational numbers (numbers that can be written as fractions ^ 
where a and b are whole numbers and b ^ 0 ). When we 
locate our rational numbers on the number line does every point 
have a rational number that corresponds to it? Are the set of 
real numbers and the set of rational numbers the same? For 
many years it was considered obvious that they were the same . 
We shall find the answer to those questions later in this 
chapter. 

Real numbers can be added and subtracted geometrically by 
the method we used in earlier chapters. For example if x and 
y are represented by the points indicated in Figure 20~la, then 

0 I X 2 y 3 4 5 

Figure 20-la 
358 



20-1 

X + y is found as shown in Figure 20-lb. 

X y _^ 



Figure 20-lb' 



The difference 



y is shown in Figure 20~lc 

X 

^ 

x-y 



0 I 

Figure 20-lc 



The set of real numbers is closed under addition and subtraction, 

There is also a geometrical method for multiplying and 
dividing real numbers, but this method is rather complicated. 
However, the set of real numbers is also closed under multipli- 
cation and division (except for division by zero) . The 
commutative, associative and distributive properties also hold 
for the operations of addition and multiplication on the real 
numbers. 



Exercises 20-1 

1. On the number line below locate the points corresponding 
. to X + y, y - X, 2x, X + z, - - y, Jz . 

I 1 I t.„^__ X- 



-3"2~IiO Iy2x3 4 5 6 

On the number" line below locate x + y and x - y, 

1 1 I . 

0 y X 
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3. On the number line below can you locate x + y or 
X - y? Explain . 



I X y 



20-2. Locating Numbers on the Number Line . 

n an earlier chapter we learned how to locate on the 

"a" 

number line numbers expressed In the form -g- where a and 
b are whole numbers. Let us recall how this can be done. 

To locate ^ on the number line we take a ribbon or strip 
of paper h units In length, 

1 I I I i_ I 

-I 0 1 2 3.4 

fold It Into three equal parts, 



crease It at the folds and lay It off on the number line. 

I I -I -I i 1 1 

-I 0 \ 2 3 4 

1 
3 

The point where the first crease falls Is the location of the 
number ^ ■. 
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Here is a somewhat different problem. In the last chapter 
we found a number n whose square is 2 (that is n • n = 2). 
This number is called Let us try to locate this number 

on the number line . First we construct a coordinate plane 
using our number line as' X-axis. 



I 



Next, draw the segment Joining the points A (0,1) and 

B (1,0). Now these points A and B together with the 

origin (0,0) form the vertices of a right triangle. 

.A (0,1) 



.B(i.O) 



By the Pythagorean Theorem the length, n, of the segment AB 
satisfies the condition that 

n.n = l- l+ l- l 

or 

■' n • n = 2 . ■ 
Now we may use the compass to transfer this length n onto the 
number line . 




The pQint at which the pencil point falls is the point which 
corresponds to -/2. 
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Exercises 20-2 ■ 

!• Prom the relation 1^ + 2^ = 5, show how to locate ^5 
on the number line . 

2 2 / — 

2. Prom the relation 2 + 5 = 15, show how to locate Vl5 

on the number^llne . 

5. The relation 1+5=6 could be rewritten as 

1^ +'('%/5)^ = 6. Use this relation together v/lth the 
result of Problem 1 to locate -f^ on the number line, 

4. Use the geometrical method of adding real numbers to locate 

5. Use the geometrical method of subtraction to locate 

6. The picture at the right has 
beeh made using right angles 
emd segments of length 1. 
Use the Pythagorean Theorem 
to check that the lengths of 
the other sejgments ai?e as Indicated. 
Make a careful copy of this picture 

on your paper and continue the process until you have 
drawn a length to represent yiO. 



20-5. Irrational Numbers . 

In the last section we located on the number line the 
number This Is a number n for which n = 2 or 

•n • n = 2. In this sectior: we shall try to find out whether 
this number n is rational. If n Is rational, then n can 
be expressed as a fraction In simplest form. This :7ie&.ny chat 
there are whole numbers and b with 

a 

" = b 

and with a and b having no factors In common. (I'his j-t virii?t 
we mean by simplest form.) 
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Now If n « r- and 



n - n 



= 2 this means that 



a a 



or 



a^ 
b 



■ a 
. b 



or 



a 



• a 



= 2 -b -b 



F • b 



or- finally 



2 




a 



Now we see that if this number n is rational ^ then there 
are whole numbers a and b which meet the following 



.(2) a and/ b have no factors in common. 

If there are no numbers a and b satisfying these requirements 
then n Is a kind of number which is quite new to us; that is, 
n Is a number which is not rational. 

It might be very difficult to find whether there are any 
whole numbers a and b which meet the requirements (l) and 
(2). We certainly cannot check all possible pairs of whole 
numbers . But we shall find the answer by checking whether a 
and b could be even or odd. Tnero are .just these four 
possible cases: 

I (a even , b even ) III (a even , b odd ) 

II (a odd, b even) IV (a odd, b odd) 

We will check for each of these cases whether such numbers 
could possibly meet requirements (l) and (2) . 

Case I (a even, b even). Since a and b are both 
even, they are both multiples of 2. This m^ns that a and 
b will not" meet requirement (2) since they have 2 as a 
common factor. Case 7_ ls_ ruled out . 

Cases II or IV (a odd, b even) or (a odd, b odd). 

In either of these cases a is odd. Now when we write a^ 

2 

as a* a we see that a is the product of two odd factors. 
This tells us that; a is an odd number. (Remember that the 
product of tv/o odd numbers is always an odd number.) Now 
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2 2 

consider the whole numbers a and 2b . 

t t 

Just shown to be a multiple of 2 and 

therefore 
odd even 

2 2 

The numbers a ^nd 2b cannot be equal since one of these 

numbers is odd and the other even. Requirement (1) 
2 2 

a = 2b is not met. Cases II and IV are ruled out . 

Case III (a even, b odd). This is the only case not 

yet ruled out. In this case, since a is even, we see that 
2 

a (which is • a) is the product of two even factors so 

that a is a multiple of 4. (Do you see why the product of 

two even factors is always a multiple of 4?) And the number 

2 2 
b is the product of two odd factors so that b is odd. 

2 2 
Now consider the numbers a and 2b . 

f ■ t 

Just seen to be 2 times an odd number, 

therefore 

a^ multiple of ' ^ not a multiple of _4 

2 2 

The numbers a and 2b . cannot be equal since one of these 

numbers is a multiple of 4 and the other i's not. Require- 
2* 2 

ment (1) a = 2b is not met. Case III is rtiled out . 

All four cases have been ruled out I This means that 
there are ino whole numbers a and b satisfying requirements 
(l) and (2). As we saw at the beginning of this section, 
this means that this number n, or v^, is a kind of number 
which 'is quite new to us. It is a number which ;ls not rational 
Real numbers which are not rational are called irrational 
numbers . 

So far we have only seen one example of an irrational 
number, namely \/2. From this one example many other 
Irrational numbers may be found. It is easy to show (although 
we shall not do it here) that the sum of a rational number and 
an irrational number is always irrational . Thus 3 + and 
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• v2 + Y ' etc., are irrational. Similarly, the product of an 
irrational and a noarzero rational is irrational. Thus 
5 'V^ 1 "2 and ^'-v^ are irrational. Some other 

■ irrational numbers are Tf . In fact in a certain 

sense there are many more irrational numbers than there are 
rational numbers. This may seem like a ve]?y astonishing 
statement to you. Perhaps you will ask, "There are infinitely 
many rational numbers, how can there be more than that?" The 
sense in which there are more irrationals than rationals is 
this: /If you try to set up a one-to-one correspondence 
between rationals and irrationals, no matter how you do it, 
when the rationals are all used up there will still be 
infinitely many irrationals left over. 

We see that when we represented rational numbers as points 
on the number line, there were many "holes" or points to which 
no Tiumbers were assigned.. When the real numbers are repre- 
sehted-as poii;)ts on the number line there are no "holes". There 
is a number corresponding to every point . We therefore say 
that the real number system ^s complete . 

A thorough study of the real numbers involves many 
advanced ideas which are introduced in college mathematics. 
In this chapter we give only an introduction to the simpler 

•ideas and we "shall attempt no further proofs. 

Exercises 20^^ 

1. Draw a number line. Include numbers from ""5 to 5. Use 
the letter A for the point 0 and the letter B for the 
point 1 . At B draw a segment perpendicular to the 
number .line and 1 unit in length and call it BP. Draw 
AP. What is the measure of segment AP ? 

2. Use the drawing for Problem 1, and locate the .number 
line points which correspond to ^2" and ""(^2). Label 
the points. 
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3. On -.the number line locate and label the points vrhich 
correspond to the following: 

a. V^ + Vs" e.y2 + 2 

b. 5 f . 72 - 2 
• c. "5>/2 • g. 

d. 

4. Which of th'e points that you have labeled correspond to 
Irrational numbers? 



♦20-4. Irrational Numbers and Infinite Decimals . 

In earlier chapters we found how to represent any rational 
number as a repeating decimal. Some examples are 

J = .555 ... or J = .55 - 

j= .2857142857142 ... or y- = ,2857142^571^. 

Remember that the bars mean that continuing the process of 
division will Just result in a repetition of the aame digits 
over and over again without end. For this reason we say that 
' theee repeating decimals are "infinite decimals". 

You know that every rational number can be represented as 
a if'epeating decimal. The converse is also true. That is, 
every repeating decimal represents a rational number. We show 
how to find that number in the following example . Consider the 
number 

^ or .162162162 ... . . 

Now 

1000 •( .1^)= 162 .162162 ... 



or . 

1000 -( .I^) = 162 .T52. 
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(We multiplied by ICp because the repeating block was 5 
digits long.) Now. we perform the subtraction below: 

1000 • ( .TU2) = 162 .T52 

1 - ( .TE2) = .162 

1000- i.T^) - 1- (.T52) = 162 

Then 1000 . ( .15?) - 1 • ( .T5?) = 999 • ( 

so that -999 • ( .TF)"?) = 162. 



Therefore 



Tf^ 162 6 



You may. check this result by starting with and finding 

its repeating decimal representation. 



Exercises 20-4a 



1 . 



Write the products . 
a. 10 X 0.9999 



b, 
c . 
d. 
e , 



100 X 3 .1212 



1,000 X 0.035035 
10 X I6.66F 
10 X 0.004W 



f. 1,000 X 0. 613453^ 

g. 100 X 8.O315T5 

h. 100 X 31?. 3999 
i . 10 X 312 .3999 

J . 10,000 X 6 .OI230T53 



Subtract in each of the following. 



3128.992 
312.899 

9.99I 
0.999 

I62.l62f52 
, 0.l62TEg . 

301 .01 01 or 
3 .oloigr 



1.233333 
0.123333 

354.545^ 
3.545^ 



h , 



27075.075075 
27.075^ 

416.47777 
41 .64777 



3. Find a fraction name foi* each of the following rational 
numbers written as repeating decimals, 
a. 0.555 ' c. 0.90l5or 



b. 0.7373 



*d. 3.02333 
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In the earlier sections of this chapter we learned how to 
locate the number the number line and we learned -that 

this number ^2 is not rational . Now we shall try to find 
some kind of decimal representation for ^2, 

When we located on the number line we found that it 

fell at a point between 1 and 2. 

I H— ^ i i i 1 

0 12 3 4 5 

Figure 20-4a 

We can see that must be so situated even without the 

picture if we remember that ^2 is a number whose square is 
2. The number 1 has a square less than 2 while the number 
2. has a square' greater than 2, 

If in Figure 20-4a we magnify 10 times the interval in 
vfhich lies, we have: 

} 1 5 \ J- ! 1 i » 1 1 

LO 1.1 L2 1.3 1.4 1.5 K6 1.7 1.8 1.9 2.0 

Figure 20-4b 

with the points corresponding to "tenths" indicated. The 

2 

number ^ lies between 1.4 and 1.5 since (1.4) =1.96 
Which is less than - 2, while (LS)"" = 2.25 which is greater ^ 
than 2. 

Now, if the interval in v/hich ^2 lies in Figure 20-4b is 
magnified 10 times and the points corresponding to "hundredths" 
are indicated vie have: 

! 1— i 1 ! 1 i 1 i 1 1 1 

L40 1,41 i.42 M3 1.44 1.45 1.46 1.47 1.48 1.49 1.50 

Figure 20-4c 
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The nura^^er ^2* lies in the deplctea interval since 

(1.41)^ « 1,9881 while (lJi2)^ = 2.0164. 

It can be seen that 

• 1 .41 < < 1 .42 . 

. We can repeat this process as long as our patience holds 
out . We show below the steps performed above together with a 
few additional steps . Dotted lines are used to show which 
segmentE are being magnified . 



_ J \ 1 1 1 1 h 1 



0 ^2 3""---4^^_JJ 6 7 8 9 10 

}^ 1 1 1 { — I \ 

1,0 M 1.2 ^1.3 " i.4 15 ^ 1.6 ^ ^1.7 1.8 1.9 2,0 

J — • 1^^ I 1 J *- — — ! 1 j '^'^ < 

1.40 /L4I 1.42 " 1.43- - 1.44 _ 1.45 1.46 (.47 148 1,49 1.50 



H h 



H» K: * 1 i h 

414 l.4IS""^-^ 



1.410 (.414 1.415 1.420 

\ ^^-t 1 i \ 1 1 r^- -^ 

1.4140 1,4(42 (.4143 "~- ^ _ 1.4150 

K^— M ( 1 1 1 * 1 1 '^T'^- A 

(.41420 1.41422 1.41430 

I.4I42J 



We see that 

1 .41421 < < 1 .41422 

since 



(1.41421)^ = 1.9999899241 



while 



(1.41422)^ = 2.0000182034, 
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Continuing this process indefinitely would yield an 
infinite decimal representing the number This infinite 

decimal has the property that if it is chopp:^d off after any 
number of digits, the resulting number has a square less than 
2, while If the last digit in this chopped-off decimal is 
increased by 1, the resulting number has >a square greater 
than 2 . 

-We can be sure that this infinite decimal is not a 
repeating decimal since ^ is not lational. Remember that 
repeating decimals always represent rational numbers. Infinit 
decimals which are not repeating represent irrational -numbers . 

The rule for finding the digits in the infinite decimal 
representing ^ is a rather complicated one. Here is a 
non-repeating infinite decimal^ which has a rather simple rule 
for finding the digits. 

.757755777335777755557. . . 

You have probably discovered the rule: one 7, one 3, 
two 7's, two 5*3, three 7's, three 3's, etc. We can 
see that this is not a repeating decimal because the blocks 
of consecutive 3's (or 7's) get longer and longer with no 
longest block. In a repeating decimal there wouJd have to be 
a longest, block of 5»s which v/ould repeat over and over. 



Exercises 20"4b 

1. Arrange' each group of decimals in the order in which the 
points to which they correspond occur on the number line. 
List first the point farthest to the left. 
^- 1-579 1.493 1.585 5.^68 1.372 

^- "9.^26 ""2.765 ""2.761 ""5.-30 ""2.763 

c . 0.15475 0.15^67 O.15U63 "0.15^75 0.15598 
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In Proble^ .1(c) which points lie on the following 
se^ents :/ 

a. , the segment with endpoints 1 and 2? 

b. - the' segment with endpoints C and 1? 

c. the segment with endpoints 0.1 and 0.2? 

d. the segment with endpoints 0.15 and 0.1c? 

e. the segment with endpoints 0.15^ and 0.155? 

Draw a 10 centimeter segment; latel zhe endpolnt:s 0 

and 1 , and divide the segment into tenths. Mark and 

label the To] lowing points: 

a . 0 . 25 d . 0 , 6 

b. 0,4.9 ^. O.O^ 

c . 0.30 i'. 0.95 

Which of the following are: 

(1) rational numbers, 

(2) irrational numbers , 

.(5) not designated clearly enough for you to be 
able to tell . 

r. 0.:^.^7?512 
g. 5/2. 



a. 0.251251 

b. 0.25125112511123 ... 
c . 0.7500^ ^ h. ^/2 - 5 

d. 0.735^25^ 1. ^~ 

e. 0.959559555955559 ... 



11 
2 



Express (l), (b), and (c) as decimals to six places. 

a. (1.751)^ 

b. (1.752)^ 
0. (1.755)^ 

d. Find the difference between your answer for (a) and 
the number 5; find the difference between your 
answer for (b) and the number 3; find the difference 
between your answer for (c) and the number 3. 

e. To the nearest thousandth v.hat is the beet decimal 
expression for -v/T 



9 
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Which of the numbers suggested is the better approximation 
of the following irrational numbers? 



6. -/J : 1 .73 or 1 .7^ ' 

7. ■ /is : 3 .87 or 

8. -/637 : 3.2 or 25.3 

9. In the picture below, a certain number x is shown in 
repeatedly magnified pictures (as was done for in 
this section) . Give as many decimal places as you can in 
the decimal representation of this number. 



X 

- ^ 1 t 



10 



H — •—hzz : 1 J 1 — ^ 



f « » i \ ( ^^i • 1;;;^ P ^ 

f-= 1 ; ! — I — : — I 1 ^ 1 1 N 



10. Draw a repeatedly magnified picture representation for 
the number V = 3.l4l ... . 



\ 

I 
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26-5 • Properties of Number Systems . 

, In the course of our work we have observed the following 
properties hold true in the rational number system. 







Closure Property of 
Addition 


Closure Property of 
Mul tlpl icatlon 


Commutative Property 
a + b = b + a 


Commutative Property 
a • b - b • a ^ 


Associative Property 

(a + b) + c = a + (b + c ) 


Associative Property 
( a • h ) . c = a • ( b • c ) 


Identity Property of 0 
a + 0 = 0 + a = a 


Identity Property of 1 
a • 1 = 1 • a = a 


Inverse Property 

a + (-a) = (-a) + a = 0 


Inverse Property 

a-i = i- a = 1 

a a 

(for a / 0) 


Distributive Property 
a-(b + c)-a'b + a- c 




Multiplication Property 

of 0 

a . 0 = 0 • a 0 





Order Property 


For any numbers 


a and b, exactly one of the 


following is true 




a < b 


a = b . b < a 
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All of; these properties also hold true in the real 
numbei^ oyst'em and in addition the real number , system has this 
property not enjoyed by*t:he rational number system. 

Completeness : For every point- on the number line 
there is a corresponding real number. 

An equivalent but less geometrical statement of this complete- 
ness property would be: 

Completeness : Every infinite decimal represent;^ a 
real number . 



During our course vie have studied several number systems 
besides the rational and real number systems. For all of these 
number systems the closure , commutative and assoc iatlve 
properties of addition and multiplication nold true as do^ the 
distributive and order properties and the identity p;7operty of 
1, The remaining properties hold for some of our systems and 
not others. In the table belov. v;e indicate by \/ which 
properties hold in which systems . 

SYSTEM 




Identity Property of 0 




v/ 




y 


y 


y 


-Multiplicative Inverse 








y 


y 


y 


Additive Inverse 










y 


y 


Multiplication Property 
of 0 




v/ 




y 


y 


y 
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We. see that the real number system and the rational number 
system both possess all these properties, but the real number 
system has the completeness property as well , 

Exercises 20-5 

1. The &et of lntegex-3 Is contained In; which of the following 
sets of numbers? 

a. Counting numbers 

b. Whole numbers 

^c • Non-negative rationals 

d. Rationals 

e . Reals 

2. Given the number 1, what is the next larger: 

a. Counting number 

b. Whole number 

c. Integer ^■ 

d. Rational number 

5. How many of the following" numbers are there between 5 
and 6? 

a. Counting numbers 

b . Whole numbers 

c. Integers 

d . Rationals 

e . Reals 

4. piven the number 1, what is the next smaller: 
bi. Counting- number 

b • Whole number 

c » Integer 

d. Rational number 

5. Is the set of negative real numbers closed under the 
operations of: • 

a. Addition 

b . Subtraction 

c . Multiplication 

d . Division 



20-6, SO-7 . 
20-i5. Summary . 

1. Every point on the number line represents a real number. 

2. Some real numbers are not rational. 

5. Real numbers, which are not rational are called Irrational 
^. Is Irrational. 

5. Every Infinite 'decimal represents a real number. 

6. \ Numbers represented by repeating decimals are rational. 

7. Numbers represented by decimals which do not repeat are 
Irrational . 



20-7.. Chapter Review . 

\ Exercises 20-7 

1. Which of the properties that are listed for the real 
numbers hold for 

a. the set of even Integers? 

b. the set of odd Integers? 

2. Which of the following numbers s.pe rational and which are 
Irrational? 

The number of units in: 

a. the circumference of a circle whose radivs is ^ unit 

b. . the . area of a square whose sides are one unit long. 

c. the hypotenuse of a right tris^ngle whose sides are 
5 and 12 units long . 

d. the area of a square whose sides have length yj" 
units . 

e. the volume of a cylinder whose height is 2 units and 
whose base has radiu3 1 unit. 

f . the area of a right triangle with hypotenuse of length 
2 units and equal sides. 
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.3. Locate a + b and a - b on the number line below: 

. ' t t ■ ^ ■ L I L-S^-l ^— ^ ^— ^ 

"« • "5 ""4 "3 "I 0 I 2 3 4 5 3 

-4. The irrational number V to eight places 1b 3.1^159265.., 
An approximation which the Babylonians used for V is the 
intieresting ratio . How good an approximation is 

this? Is it as good as ? 

♦5,' . What rational number is represented by .65^? 



20-8. Cumulative Review . 

Exercises 20-8 

3 . Sketch a number line and mark the points associated with 
the numbers: 

. 5, -(|), -(f). h -(f). ? 



Perform the indicated operations and simplify: 

a. jxf d.^TTT 

b. I + I ^ - (I - f)-^ i 



3 

c. J -ir 

3. Write as a^ fraction in simplest form. 

a. 0.6 

b. 12.6 

c. 0.635 

.4. a. Find the product of o0.5 and 1237.1. 

b. Find the quotient 31.9 -r 0.73. 
5_ Is III equal to, greater than, or less than ? 
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6. Simplify: 
a. 

" 2 ■ 
V, 2 

° • 2 



d. ^ 

"6 

■ ■ e. ^ 

~5 

7. /Translate, each of the following phrases into symbols: 
a. The number x subtracted from 23. 
Three times the number 

The product of 7 and the sum of 5 and a number 



b, 
c . 



8. 



10, 



a. The measure. of an acute angle is greater than 

and less than . 

b. The measure of an obtuse angle is greaber than 

and less than . 

c. The measure of a right angle is . 

Find the volume of a closet 7^ feet high if the area of 
the floor is 9^- sq. ft. , g 



Find the area of the polygon 
ABCD shown in Figure 1 . 




Figure 



11. What is the area in Figure 2, 
which lies in the interior of 
the large circle but in the 
exterior of the two smaller 
circles? 



Figure 
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rii[^' - Chajpter 21 

^-l: ■ 'scientific notation;, decimals, the metric system 

'■^^l-^l* Large Numbers and Scientific Notation , 

Donald and David were playing a game with their younger 
^j^lster .Penny. Donald started it by boasting, "I know bigger 
i^^numbers than you do." David replied, "I'll bet "ybu"don' t 
V/D^ started with "a hundred." David gained the advantage 

/With "one million/' After some thought Donald shouted "one 
/. billion" I That was as far as they could go, and Donald was 

.Just about to be declared the victor when little Penny spoke 
■ up with "one more than one billion." The boys argued for the 
rest of the afternoon about who was the winner. 

; Who do you think was the winner? 

If you had been there, would you have won the game? 
f What Is the largest number that you know? 

Do you know how to read tne following number? 

3,l^r,592,653,589,793 

Although we enter the commas from right to left, we read the 
numeral from left to right according to the following diagram 



c 
o 



c 
o 



c 
o 



c 

o 



H 
H 



c 

03 
CO 

O 



c 
o 

3, 



c 

4^ 



c 
o 



^ 1, 



T3 
0) 

C 
D 



c <u 
4^ o 



5 9 2,. 



73 
U 
C 



c 



b. 3, 



73 
QJ 
U 
73 

C C 

5 e 



c 
o 

9, 



c 

4J 



7 9 3 



We read this number as follows: 
Three quadrillion, 
one hundred forty-one trillion, 
five hundred ninety-two billion, 
six hundred fifty-three million, 
five hundred eighty-nine thousand, 
seven hundred ninety -three , 
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In reading such a numeral :be careful not to use the word 
"and." If you say "five hundred and ninety-three thousand," 
ther\ may be some misunderstanding. If "and" is associated 
wlth^dltion, the meaning is 500 + 93,000. If "and" i.s 
interpreted as it is in ordinary English, 1 he meaning is the 
two separate numbers., 500 and 93,000. Therefore, it is 
better to read 593,000 as "five hundred ninety-three thou- 
sand." By omitting "and" you avoid being misunderstood. The 
word "and" is usually used to mark the decimal point; for ex- 
ample, 500.093 is" read "five hundred and ninety-three thou- 
sandths." This use of "and" does not cause confusion since 
500.093 means 5OO + .093. 

Actually, nuch numbers as 3,141,592,653,589,793 seldom 
occur. This, does not mean that numbers of this size are not 
used, but merely that we rarely can count precisely enough to 
use such a number. Probably we would say that the number 
counted is about three quadrillion. The population of a cit^^ 
of over a million . inhabitants might be given as 1,576,961, 
But this figure is Just the sum of the various numbers com- 
piled by the. census; takers . It is certain that the number 
changed while the census was being taken, but it is probable 
that 1,577,000 would be correct to the nearest thousand. For 
this reason there is no harm in rounding the original number 
to 1,577,000. For most purposes we say tl.at the population 
of the city is "about one and one-half million." This can be 
written: - 

Population of city ta 1,500,000. 

Recall that the symbol « is used to mean "is approximately 
equal to." 

There are other ways of writing this number and there 
are some advantages in doing this. A hint of how this can be 
done is given by our statement "one and one-half million." 

.One million can be written: 1,000,000, or 
(10 X 10 X 10 X 10 X 10 X 10) or 10^. The notation 
10 X 10 X 10 X 10 X 10 X 10 can be read "the product of six 
tens." The exponent 6 indicates the number of tens used as 
factors in the product. We can find the exponent by counting . 
the number of zeros in the numeral 1,000,000. One and one* 
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half million is the same as 1.5 x 10^. \ 

Let us write 2000 pslng an exponents- Since 2000 is 

2 X 1000, 

then 2000 can be wrUten, in the exponent form, as 
. * 2 X 10^, 

Exercises 21 -la 
Iv Write the following as decimal numerals. 

a, one billion d. , one thousand 

b, one trillion e. ten tho'jsand 
■ c, one quadrillion f . one hundred 

2* Write the decimal numerals in Problem 1 in exponent 

3, Write each of the following, using an exponent, 
a. 7000 d. 14,000,000 

N b. 50,000 e. 375,000,000 

/kc. 3,000,000 f. 480,000,000,000 

4, ^viComplete the following statements: 




^a. 7>500 » 75 X ? 
b. . 8,760,000 = 876 X ? 

C. 83,000 « ?_ X 100 

dj 83,000 = l_ X 1000 

e. 5,700,000 « 57 X J? 



f . 

h, 
*1, 



5,700,000 = 
5,700,000 = _ 

5,700,000 = 570 X 
420 = ? X 100 
321 = ? X 10^ 



X 10 

io^ 
9 



n 



The number 



Similarly J 



1500 can be expressed in several ways: 

150 X 10 or, 

15 X 100 or, 

1.5 X 1000 or, 

1.5 X 10^. . 

325 can be written as 



32.5 
3.25 



10 
10^ 



or 



In each of these examples the last expression used is of 
the form: 

(a number between 1 and ?q) x (a power of 10) . 
In the first case it is 1.5 x 10^ , and in the second 
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case It l8 . 3.25 x 10^, 

A number is expressed in scientific notation If It Is 
written as the product of a number between 1 and 10 and 
the. proper power of ten., or Just as a power of ten. 

Both 1.7 X 10^, and 10 are written In scientific 
notation . 

Exercises 21 -lb 
(Class Discussion) 

1. Express each of the following In the form of 

(a number between 1 and 10) x (a power of 10): 
Example: 4037 = 4.037 -X lO'^. 

a. 76 d. 8463 g. 84i.2 

b. 859 e. 76.4 h. 9783.6 

c. 7623 f. 483.5 1. 3412789.435 

a. Is 15 X 10^ in scientific notation? Why? 

b. Is 3.'t X 10^ in scientific , notation? Why? 

c. Is 12.0 X lo5 In scientific notation? Why? 

Express the following in scientific notation: 

a. 5687 , c. 2^ million e. 6l3 

b. 14 d. 27 f. 205 

Express the following in decimal notation, 
a. 3.7x10 c. 5.721X10^ e. 1.6 xlO^ 

^' ^-'^ X ^. 1 X 10^ f. 8.3 X 10^ 

Round each of the following to the nearest thousand. 
^' ^'"^00 c. 675,123 e. 6,501 

t)- 6,600 d. 6,500 f. 6,499 

Exercises 2 1-lc 

Write the following in scientific notation. 

a. 100 7632 

b. 1000 g. 10 X lo5 

c. 10,000 h. 781 X lo'^ 

687 , 1, 600 X 10 

e. 6,000 - \ J- 9,000,000,000 
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2. "Write a^numeral for each of the following in a form which 

does not use ^n. exponent or indicate a product. 

a. 10^ . , e. 6.3 X 10^ 
X). 10^ f . 436 X 10^ 

c. '' 5.83 X 10^ g. 10^ 

d, 3 X 10^ h. 17i3 X lo5 

3. -Write the following, using words: 

• a. 783 . . d. 362.36 

b. ^ 7,500,000 ^ e. 234.63 
c 63,007 f'. ^.256 

4. ^ Hound each of the following to the nearest hundred. 
'■ a. 645 70,863 

b. A 93 e. 60/ 

c. 1233 f. 362,449 

5. Express the answers in Problem 4 in scientific notation. 



21-2. Multiplying by Powers of Ten ^ 

Scientific notation makes certain calculations easier 
and shorter. Suppose we want to find the value of the prod- 
uct: 

VOO X 1000. 

The first factor is the product of two tens, or 30^. 

The second factor is the product of three tens, or 10^. 

Then 100 x 1000 = 1 0^ x 10^ 

= (10 X :.0) X (10 X 10 X 10) 
= 30 X 10 X 10 X 10 X 10 

= 10^ 

Let us see if we can find a short cut to the above method 
by looking at another example: 

1000 X 10,000 which in scientific notation is; 

10^ X 10^ = (10 X 10 X 10) X (10 X 10 X 10 X 10) 
= 10 X 10 X 10 X 10 X 10 X 10 X 10 
= 107 

In the first example we find that 

10"^ X 10" = 10-' 
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and In the second example we find that 

10^ X 10^ = 10*^. 

What will be the answer to the following example? 

6 R ' 
10 X 10^ = ? 

Did you discover that the exponent 5 in the first exsun- 
ple Is the sum of the exponents, 2 and 3? In the second 
example, the exponent. 7^. is the ^um of 3 and 4. in the 
third example, the exponent will be the sum of 6 '"and 5, or 11, 

Find .the product of 93,000,000 and 10,000. In scien- 
tific notation, this Is: 

(9.3 X lo'^) X (10^) = 9.3 X (lo'^ X 10^) 

= 9.3 X lO-^-^. 

Exercises 21-2a 
(Class Discussion) 

,1. Multiply and express your answer in scientific notation. 



a . 


10^ 


X 


io3. 


f . 


10^^ X 10^ 


b. 


103 


X 




g. 


6 X 10^ X 10^ 


c. 


10^ 


X 




h.- 


10-^^ X 10-^ X 10^ 


d. 


103 


X 




1. 


1000 X 1000 


e. 


10^ 


X 


io5 


J. 


100 X 10,000 



2. Multiply ^nd express your answer 1\ scientific notation. 



a . 


5 X 


2i 

l6\x 10 


'g. 


8 X 10^ X 10^ X 50 


b. 


500 


X 10^ 


h. 


3.7 X 10^ X 10^ 


c. 


2.3 


X 10"^ X lO'^ 


1. 


8o X 8o X 8o 


d. 


8 X 


10 X 5 X 10"^ 


,1. 


8,000 X 5,000 


e . 


9 X 


100 X 10^ X 6 


k. 


64,000 X 105,000 


f . 


4 X 


10^ X 25 X 10 


1 . 


1,200 X 25 X 150,000 



3. Sound travels In air about one-fifth of a mile in one 

second. Answer the following questions and express your 
answers In scientific notation. 

a. How many miles -will sound travel In air In one minute? 
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!>• How many miles will sound travel in air in one hoiir? 

A space ship travels twenty -five times as fast as sound. 
Answer the following questions and express your answers 
in scientific notation. 

a. How far will the space ship travel in 20 hours? 

b. How far win the apace ship travel in lOO days? 

c. How far virlll the space ship travel in 2 years? 

d. .Could it reach the sun in one year? (The distance 
from the earth to the sun is ^3,000,000 miles.) 

Exercises 21-2b 

/Multiply, and express your answer in scientific notation: 

e. . 10^ X 10^ X { .63 

f . 60 X 50 X 6b 

g. 9.3 X lo'^ X 10; 

d. 300 X 10-^ 

Write in scientific notation and multiply: 

a. 9,000,000 X 70,000 

b. 125 X 8,000,000 

c. 25,000 X 186,000 

d. • 1100 X 5 X 200,000 

The distance from the N':rth Pole to the equator is abij^ut 
10,000,000 meters . 

a. Express, in meters, the distance around the earth 
through the Poles in scientific notation. 

b. A meter is equal to one thousand millimeters. 
Express in scientific notation the distance in milli- 
meters from the North Pole to tne South Pole. 

c. " One inch is about the same length as 2^ centimeters. 
About how many centimeters will equal a .distance of 
40,000 feet? 

The distan«^ around the earth at the equator is about 
25,000 miles. In one second, e3 ectr^city travels a 
distance equal to about 8 times t^t around the earth 
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a. 6 X 10^ X 10^ 
. b, lO-"--^ X 12 X 10^ 
c. lo'* X 3.5 X 10-^ 
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at the equator. About how far will electricity travel 
In 10 hours? 

5. The eart:h»s i3peed In its orbit around the sun is a little 
less thai, seventy thousand miles per hour. About how far 
does the earth travel in Its yearjy .Journey around the 
sun? 

6 BRAINBUSTER: Suppose you have the task of making ten 
million marks on paper and you mr3ke tA?o marks each sec- 
ond. Can you make 10,000,000 marks in (60 x 60 x ^4 
X 365) seconds? 
How moch time is this? 



21-3. Dividing by Powers of Ten. 

Yoi) know IC^ X 10^ - 10^, and 10^^ x 10^ * lo'^. Can 
you tell In words how you multiply two numbers which are ex- 
pressed as powers of 10? 

The next exercise will help you discover a similar rule 
for dividing two numbers which are expressed as powers of 10. 



Exercises 21-3a 



h 

Let us divide ]0 '^y 10 and express the quotient as a 
powp'^ of 10: 

10^' ^ lOxlOxlOxlO _ 
T73 10 

p. , , 10_^ ^ 10 X 10 X 10 X 10 X 10 X 10 _ 9 
- ^^.^ ~ 10 X 10 • 

105 . 
lO'^ 

Have you djscovered a "short-cut" mr,"hod to get your an- 
svje?" othe;.' : tj ■ipaiided form used in the rir^t ex- 

ample? Did you not I e that the exponent of 10 in the 
quotient is slw.ayc Lhe difference which results when you 
subtract the exponent of 10 in tie denominator from the 
exponent cf 10 in the numerator? 
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10'=' 



10-^ 

5. Divide by lo''. 

6, Express each answer as a power of 10. 

To " • 
• 

10 , 
TTT = • 

It seems natural to answer the last question by writing 

10 

This answer follow^^ the pattern of subtraction of expon 
onts since ^^1 

To — T ~ - lu . 

It Is also true that 

T^ - ^ 

Hence if we wish to use zero as an exponent we mu.^t de- 
fine 10^ as 1 . 

Let js divide 10^ by 10. 

10^ 1 

Tc' = To 

If the pattern ol exponents is to continue- vje expect 
the next exnonent to be 1 less than 0. You know 
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that 0 



It seems reasonable to define 
10 as . 



Now divide 10 



by 10, 



+ 10 = 



10 



If the pattern of exponents is to continue, the new ex- 
ponent should be 1 less than 1, or 2. Therefore we 
want to define 



10 



2 



1 



10 



or 



100 



It is important to notice that the number 10 is not a neg- 
ative number . It is a positive number, 



100 



Definition : If n Is a counting number 



10 



n 



means 



10' 



^0 



This definition and the definition of 10 enable us to 
write the powers of 10 as ill us t rated : 



10^ 


103 


10^ 


10^ 


10° 




10 "2 


10 ^ 


10,000 


1000 


■ ,-^0 


10 


1 


1 

IT) 


1 


1 

TOT 



Exercises 21 -3b 
■xpress each of the following using negative exponents: 



c. 



d . 



f . 



10,000 

TToooTooo 
_1 

10' 

lu 
1 



10^ 



h . 



10^^ 



10^^^^ 

.1 

.0001 

.001 

.00001 



100, '^60 



... ' 



21-3 

2. Express each of the fcl] owing In fractional form: 





a. 


10"3 




e . 


lo"'-' 








10'5 




r. 


10 






c . 


io"7 






10 






d. 


io"6 




h. 






3. 


Express each of the 


f ollowlntj; 


as a d e c i rr.a 


1 nurperal . 




a. 






c . 


lo"^ 






b. 






d . 


10 






Express each of the 


foil owl ng 


as a DOwer 


of 10. 






100 


d . 


10 




10 




a 


TU 




lo'* 






10 




1000 


h. 


10-^ 




b. 




e . 


1000 


lOOO 




c . 


103 


f . 


lo'^ 

10 




1000 
1 , 000, 000 




You 


know that 0.^ 




li 


> anJ that 


0,00^ means 



1000 



♦ Wha t doe s C. ^12 mean? 

0 42 - ^ + ^ = + ^ - ''^ 



10 1*^^ 100 100 100 • 

In a similar way, 0.f937 = q^q^q^q * 

In Section 21-1, y:ai uce:i ^ v:. -j-pi-er 

large numbers. Nov; you are prepared to v;r1te small numbers 
In scientific notation. 

Example 1 . v:rlte 0.00^; in sclent^nc notation. 

0.00^1 - T^c ^ ^ - ^ 7^3 = ' ^ ' 
Example 2. Write 0.0000 ; in ^:-ient.iri- nor-itlon. 



0.00007 -i^oOC^ ~ - ■ ' 
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Example 3, Write 0.4;^ in scientific notation. 

^- ^ 100 100 ~ ^ IOC " ^ 10 

= 4.2 X 10 

Our purpose in writing h2 as 4.2 x 10 is to secure a 
number between 1 and 10 for the first factor. Then 
is written in exponent form for uhe second factor. 

Example ^! . Write 0.l6 x ]0 ^ In scientific notation. 

0.l6 X 10 ^ = 0.1^' X = 



10 

10"' 10 X lO'' 10 



Tg- X — n- = 1.6 X i J- = 1.6 X x= 1.6 X 10 5 



Look £t the preceding examples. Notice that .42 , .004,- 
.00007, 0.l6 X 10 ^ are smaller than 1. V/hen they are 
written in scientific notation, the exponent of 10 is al- 
ways negative. This is true for any number between 0 ani 
1. 

When a number equal to or greater than 10 is expressed 
in scientific notation, the exponent of 10 is positive. 

For 1 , or any number between 1 and 10 written in 
sciFntific nocation, tlie exponent of 10 is zero. 

Examples : 

Foi" a number between 0 and 1 , as 0.03 = 3 x 10 ^, 
the exponent of 10 is negative. 

For a number between 1 and 10 , as 3.4 « 3,4 x 10^, 
the exponent of ]0 is zero. 

For a number ^ 10 , as 13 = 1.3 x 10"'", 

the ex p oner ^ of 10 is positive. 

We do not attempt to write numbers les5^ than zero in 
scientific nota tion . 

Sciericlfic notation Is useful 1- comnaring numbers. 
Which is larger 

9.803 X 10^ or 1,2 x 10^^ ? 

At first glance it appears that the number on the left is 
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larger since 9.803 Is greater than' l.^a, 

. But 9.803 X lO^ = 9,803 
and 1.2 X 10^ = 12,000 



Which Is actually larger? Both 
between 1 and 10 but 9.803 

^3 



factor 



1 and 10 but 
10^ Is 10 times 



10^ 



trols the size of the number. 

Thus 
Similarly 



9,803 and 1.2 are numbers 

is not 10 times 1.2. The 

Hence the second factor con • 

3 



1.2 X 10 > 9.803 X 10 
4.6 X 10^ > 5.932 X 10^ 

2.3 X 10^ > 8.6 X lo'^ 
5.962 X 10 > 6.854 X 10 ^ 

When two numbers are written In scientific notation the 
one with the greater exponent is the greater number . 



Exercises 21-3c 
Write each of the following in scientific notation, 



b, 

c < 

d . 
e . 



0.093 
0.0001 

1 

1 

0.00621 



10^ 
0.7006 

0.000000907 



O.OO^iS 



V/rite each of the I'ollowing in decimal notation, 

"3 



a . 



:'.3 X 10 

1.07 X 10 

10"^ 

5 X 10 



i 



e , 



7.0t5 X 10 
10 ^ 

14.3 X 10 



7 



365.76 X 10 



3 . Write each of the follovri np; in scientific notat j on , 



3 



a. 62 X 10^' 

b. 0.157 X 10 

c . 0 . 000002 ''i 

d. ^..26'-; X 10 '-^ 



e. 362.35 

f. 10 X ^32 

g. 0.0000000030^ 

h. ^O.s X 10 
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Pill in the blanks in the following to make a true sen- 
tence ^ Notice that in some cases scientific nota t j on is 
NOT used. 

a. 0.006 = 6 X 10 



b. 0.00006.3,^ =[_Jx 10 

c. 0.00^4015 ^ 4015 X lo' ' 

d. 6000.0 = 0.06 X lo' ' 

e. 0.213 = 2.13 x lo' ' 



f . 0.213 = 213 X 10 



g. 0.213 = i I X 10 5 

h, 0.213 =1 r X 10 ^ 

By inspection replace the "?'^ by one of the symbols > 
or <. 

a. 8 X 10^ ? 8 X 10^ 

b. 8 X 10 ^ ? 8 X 10 ^ 



c . 



8 X lo"^ ? 2 X 10^ 



d. 7 X 10^ ? 9 X 10 

6 

e. 9-99 X 10 ? 1.01 x 10^ 

f. 2.^ X 10 ^ ? 3.^*2 X 10 ^ 

g. 3 X 10 ? 1 .4 X 10 

h. 3.5 X 10 ^ ? 6 X 10 ^ 

i. 3 X -10^ ? ^ X 10 

J. 2.79 X 10"^ ? 3.1 X 10^ 

3y inspection, tell which of the following are: 
i. numbers between 0 and 1. 
ii. numbers between 1 and IC. 

iii . numbers gr ea ter than 10 . 

0 -7 

a. 2 X 10 c. 10 ' 

b. 10^^ d. 2 X 10 ^ 
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e. 4.5 X 10^ 1.2 X 10 ^ 

f. 1.2 X 10^^ *J. .12 X 10^ 

g. 8.02 X lo"^ 21.43 X 10 ^ 

h. 8.02 X lo"^ *1. 0.3 X 10^ 



21-4. Multlpll^.atlv-) n oi\ L arg e and Small Numbers . 

3 

You have ~a;,reac/ Ip' .eci numbers such as 10' and 

10^ by using a^dltl-r - r 10^ = io3"^5 ^ ^o^. 

You also knovj tie meapl.-r negative exponents. Sometimes 
problems like IC ^ x iS ' , or 10^ x 10 ^ arise. Suppose 
we study some exanpl .b 

£^;^r-".;:.£es_ 21 -4a 
(C; r»a.5 L^Tsion) 

1. Mutllp?.y 10 ^ X IC 

lo"5 X 10""^ = y -K Why? 



IC^ ' 10^ 



b. ^ X ^ = — ^ 3 Why? 

10^ 10^ 10-^ X 10-^ 

1 _ 1 Why? 

c. — r Q = FT 

10^ X 10-^ 10"" 

d. = lo"8 Why? 
10^ 

e. '10 ^ X IC ^ = 10 ^ From steps a to d 

f. ^5 + ("3) = ? 

g. In what easy way can the final exponent, 8, be 
found? 

2. Test the conclusion you reached in If. on this example 

10 ^ X 10 ^ 
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3. Consider the problem 10^ x 10 

a. 10^ X 10 ^ = 10^ X -iy Why? 

10^ 

b. 105 X = -4- Why? 

10^ 

c. — :r = 10 Why? 
10^ 

> d. 10^ X 10 ^ = 10" From steps a to c 

e. In what easy way can the final exponent, 2 , be 
found? 

4. Multiply 10 5 X 10^ 

a. 10 5 X lO'^ = ~- X 10^ Why? 

1 

b. X 10^ r= 

105 ~ 

r. _ 1 

d. = 10- 

10- 

e. 10 5 X 10^ = 10*^ Frorr. steps a to d 

f. In 'What easy way can the final exponent, "2, be 
found? 

5. Test your conclusions on the following: 

a. 10 ^ X 10 ^ ? d. 10 ^ X 10 ^ = ? 

b. 10^ X 10 ^ = ? 3. 10 5 X 10^ = ? 

c. 10^ X 10^ = ? f . 10 ^ X 10^ = ? 

The same method of addition of exponents can be used 
whether the exponents are positive cr negative or ^ero. We 
can use letters to say this briefly. 

10^ X 10^ = 10^^^^) 

v;here z. and b are lr:tep;ers. 

Mor.-? complicated multiplication problems can be done 
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"S. 

very simply uelng exponents. 

Example 1: Multiply 4.3 x 10^ by 2 x 10 ^. 

{k.3 X 10^) X (2 X 10 ^) = (4.3 X 2) x (10^x10 

= b.6 X 10^ 

Example 2; Multiply and express your answer in scientific 
notation. 

(4.7 X 10 ^) X (5.^ X lo'^) = (4.7 X 5.^) x (10 ^ x lo'^) 

= 25.38 X 10^ ^'^'^^ 

= 25-38 X 10^ 

= (2.538 X 10) X 10^ 
= 2.538 X (10 X 10^) 
= 2.538 X 10^ 

Exercises 21 -4b 
1, Write the following products in scientific notation. 

a. 10 ^ X 10 ^ e. 0.0001 x 0.007 

b. 0.3 X 10"^ f • (5.7 X 10 ^) X 10 ^ 



c , 



10 7 X 10 ^ g. 10^^ X 10 ^ X 10^ 



d. 0.04 X 0.002 h. 10^^ X 10 X 10 ^ 

2. Write the following products in scientific notation. 

~6 "4 

> a. 0.0012 X 0.000024 d. 3 x 10 x 10 

b. 6 X 10^'' X 9 X 10 ^ e. 38 x 10 ^ x 0.00012 

c. 1^ X 10^^ X lO**"^ f. 0.000896 X 0.00635 

3. Using scientific notation find the produces of the follow- 
ing: 

17 ~23 

a. 10,000 X 0.01 c. 10 ' X 10 

61 1 

b. 0.00001 X 10,000,000 d. 10 X X — ^ X 10 

h. Multiply forty-nine thousandths by seven and six hundredths 
using scientific notation. Express your answer in 
scientific notation. 



/ 
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A large corporation decided to invest some of its surplus 
money in bonds. If 11 million dollars was invested at 
an average annual rate of 3^^, what was the annual in- 
come from this investment? Use scientific notation in the 
computation, and also express your answer in scientific 
notation . 

6. On a certain date the national debt, rounded to the near- 
est 100 billion dollars, was 300 billion dollars. 
Assuming that the government pays an average rate of in- 
terest of 3.313 , what is the number of dollars in in- 
terest paid each year? Express the answer in scientific 
notation. 



21-5. Division of Large and Small Numbers . 

The principles involved in division are much like those 

you have been using. You are familiar with the division of 

10^ by 10^ . The definition of lo"" as , where n 

lO" 

is a counting number, leads immediately to the solution of the 
follovjing example: 

10^^ lo"^ = = lof ^ ^^c ^ loi ^ ,,9 

10 ^ 1 
10^ 



Exercises jl -5a 
(Class Discussion) 

Using ideas simllrr to those used above, perform the 
following : 

a. 10 4- 10-' 

b. 10 ^H- 10 

a. Divide lO'^ by lO'^. 



b. Why is 10 equal to 10^ 



9 



Are 10*^ r- 10^ and 10^""^ numerals for th^ same 
number, or different numbers? 
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3. a. Find 6 - (~3) 

b. Find 10^"^ 

c. Use the Illustrative example above to determine 

whether 10^ + lO' ^ and 10^"^ are numerals for 
the same number. 
k. a. Find 10 ^"^^ 

b. Is 10 ^ ^ 10^ equal to 10- ^""5)9 v/hy? (You found 
the first number in 1(a).) 

5, Is' 10 ^+ 10 = 10^ ^ " ^^'^ 



' The pattern that you developed in the exercises above is 
always true. In general, 

^ 10^ 

i ' 

• where a and b are integers . 

This result allows you to do a subtraction problem in- 
stead of a division problem when you are dividing powers of 
10. For example: 

10^1 ^ 10"5 = 10^1 - ("5) = iol6 



10 



9 



10 ^ 4- iO^ = 10 ^ " ^ = 10 -^^ 
Now extend the method to a more compl4.cated problem: 

(3.6 X lo"'') - (2 X 10^) = 1^6->L10_ 

2 X 10° _ 
= 1^6 ^ IP ^ 
2 10^ 
= 1.8 X 10 Why? 



Exercises 21-3b 
1. Writs in scientific notation, 

a. 105 - 10^ c. 10^^ ^ 10^ 

b. 10^ + 10 d. 10-^ - lO-"-^ 
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e. lO-'-''- -i- 10^^ 


g. 


10^ . 


10^2 


f . ioi° + lo^o 


h. 


10-^ -r 


lO'' 


Write in scientific 


notaT:ion . 






a. + 10 ^ 


e. 


loii . 


■ io"i3 


b. 10^ + 10 


f . 


10^° + 


10'20 


c. 10-^ -i- 10 - 


6 • 


10^ - 




d. 10-^^+ 10 


h. 


10-^ + 


lo'^ 


Write in scientific 


notation , 






a. 10 5 ^ 


e . 




+ 10^^ 


b. 10 ^ 10 




io"i° 


. 10^° 


c. 10 10 


g . 


10 ^ 


^ 10^2 


d. 10 10-^^ 


h. 


10 ■ 


^■ 10 ■ 


Write in scientific 


notation . 






a. 10 5 ^ 10 ^ 


e . 




io"i 


"l4 "4 
b. 10 % 10 


f . 


10 •'•^+ 10 


c. 10 ^-^-r 10 


g. 




■ 10"20 


d. lo'^^ lO^l^ 




10 ■i- 


. lo"^ 



Write in scientific notation, 

a. (6 X 10 (3 X 10 ^) 

b. (7 X 10 ^) r 10^^ 
(1.2 X 10^) -r 10 ^ 



c 



d. (2.n X 10) ^ 10 ^ 
9.6 X 10 



2.4 X 10^ 

7.6 
1 .9 X 10^ 



6. Fill in the blank spaces with the proper symbol. 



a. . .12 = - = 12 X iQl != 1.2 X lof 

10 

^' -'^ = 1^ ^=^*6xio[=3=,._^,of 
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c. 0.03 - « tt4il,= 3 X 10' 1 = 3 X 10l=3 



10 



d. 



f . 



.350 » - 350 X 10» 1 = 3,5 X loL 



4800 ^ 4800 4.8 X lO' ^ = 2 X 10^ 

24% 2.4 X 10^ ^ 2,4 X 10^ ^ 



7. A city government has an income of $2,760,000 for this 
year. The income this year repr-esents 3 ^ of the total 
value of taxable property. What is the total va3'je of 
taxable property? Use scientific notation In your compu- 
tations , 

8, A commuter pays $.40 per day for his fare. IiJ 1 c rea- 
sonable to expect that he will spend one million cents in 
fares before he retires? Assume that he travels 250 
days per yc:3r, 

*9. At the rate of ten dollars per second, about how many days 
will it take to spend a billion dollars? Assume that this 
goes oi\ 24 hours a day, ( 1 day = 8.o4 x lO"" seconds,) 

10. The tax raised in a certain county is $160,000 on an 
assessed valuation of $5,000,000. If Kr Smithes tax iG 
$4C0, wha*. is the assessed value of his property? 

11. It costs about $35,000,000 to e:iuip an armored division 
and about $1^,000,000 to equip a>-, inf-rintry division. The 
•cost of equipping an infantry division is what percent of 
the cost of equipping an armored division? 



21-6, Use of Exprnents 1 n Mul tiplyl ^ nd Pi vidlnfr^ Decimals , 

You ar'e familiar *v^lth the operaclcns of multiplylny; ani 

dividing two numbers In decimal form. The reason for the 

placem.ent of the decimal point, can te -rxrlalned Ly usln^ ex- 
ponents , 
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Below are three multiplication problems: 

a) 3214 X 16 

b) 32.14 X 1.6 

c) 0.03214 X 0.16 

Each problem is different but ^b) and (c) are very 
closely related to (a). We can see the connection by using 
exponents . 

b) 32.14 X 1.6 = (3214 x 10 x (16 x 10 ^) 

= (3214 X 16) X (10 ^ X 10 ^) 
= (3214 X 16) X 10 ^. 

c) 0.03214 X 0.]6 = (3214 x 10 5) x (16 x 10 ^) 

(3214 X 16) X (10 5 X 10 ^) 

= (32lV-!r-3^) X 10 

Each problem involves multiplying the whole number 3214 
by the whole number In. For this part of the computation 
you use the form: 

3214 

16 
192F^ 

3214 



Example (a) is finished whan the product Sl^''^^' is 
found . 

To find the product In ',b) one more step Is necessary: 
we have to mult:lply 51424 x 10 ^. 

Since 10 ^ = = ^ . 10 X 10 X 10 = lO To TO 

bO multiply by 10 means to multiply three times by jq 
(or divide three times by 10). Each time that we multiply 
51424 by we make the place value of each digit as 

large. This has the effect of moving ohe digits a place to 
the right. Three such multiplications by shift the 

digits three places to the right. 

51^2^;. X 10 ^ = 51 .^2'i 
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To find the product In (c) we have a similar second 

-7 

step, to multiply 51^24 x 10 and so we move the digits 
seven places to the right makinnsv oheir place values smaller. 

51424. X 10 0.0051424 

Exerci ses 21-6a 
(Class Discussion) 

Use the above procedure to '"ind each of the following pro- 
ducts . 

1. 6.14 0.42 3. 649.3 x 14.68 

2. 0.625 X 0.038 4. 11.4 x 0.0031 

Now consider division. Let us divide 14.72 by 6. 

14.72 ^ 1472 X 10 ^ ^ 1-^72 ^ 10^^^ - l472 ^ ^^("2 -"l)' 
6.1 6l X lo"-^ 61 10 

= X 10"^ 

61 

First we cl-'vide l472 by ' This is an operation on 
whole numbers. The result" ir-:^ npe-atiori j.i. 24.13. This 

part of the quotient is corr ..i.__to two decimal places. But 
we must multiply 24.13 by 10 . 

Hence, 

^I'l^ = 24.13 X 10 = 2.413. 

The final answer for this problem is now correct to three dec- 
imal places. Onc'3 again the exponent "l is used to fix the' 
position of the decimal point in the answer. Note that powers 
of ten were used In such a fashion that actually we were 
dividing one wholo^number by another whole number. 

Exercises 21~6b 

n:. Place the decimal point in the products to make the 
x'ollowlng number sentences true, 
a. 6021 X 0.00003 = (6021) x ( 3 x 10 5) = l8063 
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b. 3.42 X 0.02 = (342 x 10 ^\ x (2 x 10 ^) = 684 

c. 2.5 X 3,000 = (25 x 10 x (3 x 10^) = 75 

d. 54.73 X 7.3 + (5473 x 10 ^) x (73 x 10 ^) = 3995^9 

e. 1200 X 0.006 = (12 x 10^) x (6 x 10 ^) =72 
Fill the blanks with proper symbols. 

a. 4.j2 = 45,2 X 10 ^ = 452 X 10» 1 

b. 0.012 = 1.2 X 10 ^ = 12 X 10' ' 

65000 = 6.5 X 10^= 65 X 10^ 



38.216 = 382.16 X 10 ^ = 3821.6 X 10 ^ - 38216 X 10^ 
6.37 X 10^ = 63.7 X 10-^ = 637 X 10^ =IZZIx 10^ 
f. 0.003 X 10^ = 3 X 10' ' = 30 X 10' ' 



^1.2 X 10 ^ = 0.412 X 10 ^ = !0. I X 10*^ 



Complete the quotients to make the following sentences 
true. 

= 3002 X 10^ ^ 3002 



6004 


6004 X 10^ 


0.02 


2 X 10 ^ 


0.366 


366 X 10 ^ 


0.05 


6 X 10~^ 


0.08^ 


8^ X 10 ^ 


12000 


12 X 10^ 


0.2 


^ X 10 



= 61 X 10 " = 61 



= 7 X 10 ^ = 7 



= 0.016 X 10^ = 16 



0.00125 125 X 10 



Exercises 21 -cc 

Multiply using exponent notation. Give answers in dec- 
imal notation. 

a. 135 X 0.06 - c. 1S,000 X 0.0003 = 

b. 76,000 X 3,000 =r d. C.003f X lo.301 = 
Hint : {7r x lC^)x(3 x 10^') 
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. e. 6,000,000 X 0.0275 = f. 0.07 x 300 X 0.02 x 6,000 

2, Divide using exponent notation. Give answers injdecimal 
notation . 



a. 6.3 + 0.3 d. Oa)^ 

b. 0.78 + 13 e. 0.27;0.«4402 

c. f. IBOOTTTT^ 



V 



*3. How many pieces of popcorn each weighing 0.04 ounce does 
it take to fill 840 bags? Each bag contains 6 ounces 
of popcorn. 

4, BRAINBUSTER. A space rockeb can travel at 100,000 miles 
per second. About how long (in years) will it take it to 
visit and i-^eturn from a star that is ^ light years 



away? 



1 light year » 6.3 x 10"^^ miles 
7 

1 year « 3.2 x 10 seconds 



21-7. The Metric S yste m. 

The system of measures which is used most widely in the . 
United States is called the English system. Some of the 
units in this system are the inch, foot, yard, mile, pound, 
etc. In most other countries, the system of measures used is 
the metric system in which the basic unit of linear measure 
is the meter . In the year I789 a group of French mathe- 
maticians were called together to develop a simplified system 
of weights and measures. They decided that since their system 
of n'umeration was a decimal (base ten) system,' they should 
have a decimal basis for their system of measures. In such 3 
system there are basic units of length, area, volume, etc. 
Other units are a power of ten ti:aes the basic urit. With 
such a system it is easy to cor. vert from one unit to another 
by multiplying or dividing by a power of ten. 
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The French mathematicians calculated 
the distance from the Nortii Pole to the 
equator on the meridian through Paris. 

'^^^^ 10,000,000 ^^-^^s dlstano.: 

for^^ltelr unit of length. By defining 
the unit this way, they made it possible 
for the original distance to be deter- 1 meter = ip qoq qqq 
mined again if the standard bar of unit 

length were ever lost. They named the unit of length the 
meter. Later this definition was improved. 

A meter is a little longer than a yard. It is approxi- 
mately equal to 39.37 inches. 

Other units of length in the metric system are as follows: 
For shorter distances, 

1 decimeter = of a meter = 0.1 meter. 

I 11 

1 centimeter = of a decimeter or ^ x of a meter 

= rC?5 ^ meter = 0,01 meter 
1 millimeter = j^jj of a centimeter or 

II 1 

TU ^ ^ meter) = of a meter 

= 0,001 meter. 
For longer distances, 

1 dekameter = 10 meters 

2 

1 hectometer «= 10 dekameters or 10 x 10 = 10 meters 

o 

1 kilometer « 10 hectometers or 10 x 10 x 10 « 10 meters. 

Many attempts have been j;iade to persuade the United States 
Government to adopt the metric system for general use. Thomas 
Jefferson in the Continental Congress worked for a decimal 
system of money and measures but . si^cceeded only in securing a 
de clonal system of money. VJlien John Quincy Adams was Secretary 
of State, he foresaw world metric standards in his l821 
"Report on Weights and Measures." In 1866, congress authorized 
the use of the metric system, making; it legal for those who 
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wished to use it. Finally, in 1893, by act of Congress, the 
meter was made the standard of lent^th in the United States. 
The yard and the po\xnd are now officially defined in terms of 
the metric units, the meter and the kilogram. 

Exercises 21 -7a 
(Class Discussion) 

1. What advantages does the metric system have over the sys- 
tems we use? 

2. What difficulties would probably arise if we replaced our 
system by the metric system? 

The following table shows the plan of linear metric units. 
Notice how useful the exponent notation is. In showing rola- 
• tionships in the metric system. Abbreviations for the unit 
names appear in the parentheses following each unit of length. 



1 


millimeter 


(mm. 


) 




10 ^ 


meter 


1 


centimeter 


( cm . 


) 




10"2 


meter 


1 


decimeter 


(dm. 


) 




lo'i 


meter 


1 


meter 


(m. 


) 




10° 


meter 


1 


dekameter 


(dkm. 


) 






meters 


1 


hectometer 


(hm. 


) 






meters 


1 


kilometer 


(km. 


) 




10^ 


meters 



Notice that all the names of the metric units (except 
"meter'') use the word "meter" with a prefix. It is important 
to remember these prefixes, because they are used also to name 
other units of measure in the metric system. 

P refix 

kilo 

hecto 

deka 

deci 

centi 

milli 



Meanin 


g 




1000 


or 




100 


or 




10 


or 




1 

10 


or 


lo'i 


1 

100 


or 


10'2 


1 

lOOO 


or 


10 ^ 
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y Exercises 21 -7b 

1. Tell how you change from a unit to the next larger unit in 
the metric system. 

2. Tell how you change from a unit to the next smaller unit 
in the metric system. 

3. Complete each of the following: 

a. 1 kilometer = hectometers 

b. 1 »<ilometer = dekameters 

c. 1 kilometer = meters 

d. 1 kilometer = ' decimeters 

e. 1 kilometer = rentJmeters 

f . 1 kilometer = millimeters 



Pill in each blank with the correct numeral, 
a* 5 m. = cm. f. 3.25 m. = 



cm , 



b. POO cm. = _mm. g. 3500 m. = km, 

c. 500 m. = ^km. h. ^7^1 cm. = m. 

d. 2.5^ cm. = ^mm. i. 5.5 cm. = mm, 

e. 1.5 km. = ^m. ,1. 6.25 m. = cm, 



*5. A meter was originally defined to be q^q oqq of the 

distance on the earth's surface from the North Pole, to 
the equator*. Using scientific notation express the num- 
ber of: 

a. meters in nhe circumference of the earth. 

b. dekameters in the circumference of the earth. 

c. hectometers in the circumference of the earth. • 

With the recent advances in atomic theory even smaller 
and larger units are necessary in the m^etric system. The 
following are now in use : ^ 

Prefix Meaning 

mef^a 1,000,000 = 10^' 

1,000,000 = 10 ^ 

You may have read in the newspapers or heard on the radio 
the term megacycle (l million cycles). Another term which you 
probably are famJliar with is mJcron (10 m. ). Have you 

406 
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heard of other terms using the prefix mega or micro? 

Exercises 21 -7c 





Complete each of 


the following: 


1. 


13 .11 meters = 


km. 


2. 


5.34 meters = 


cm. 


3. 


24*5 meters = 


km. 


4. 


.52 meters 


mm . 




643,2 meters = 


. km. 


6. 


202.2 meters = 


cm. 


7. 


,015 nrmi. 


microns . 



21-8. Conversion to English Units , 

Since we use the English and metric systems in this coun- 
try it is often necessary to convert from ore system to anoth- 
er. T^'iis Is very Important In many areas, such as foreign 
trade and foreign Investments. To convert from one system to 
another, we use the following facts: 

1 Inch - 2.5^ cm, (exactly) 
a )■ \d 

39.37 In. » 1 meter 
In terms of yards, this says that 

1 meter » ■ y --- yards, o:-^ 
1 jneter « 1.1 yards . 
Since one Irch Is equal to 2.54 centimeters, the ratio of 
Inches to centimeters is 

1 

23? • 

Suppose that we w^nt to chan^^^e 5 Inches to centimeters. 
We want to find x , the number of centimeters In 5 inches. 
Then the ratio of 5 to x will be the same as 1 to 2.5^. 
This may be expr^?S3ed by the proportion 

number of Inches ^ 1 = ^ 

numbers of centimeters 2 . 54 x 

1 . X = 5 • (2.54) 
X = 12.70 
5 Inches js equivalent to 1^.70 cm. 
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Exercises ^1 -8a 
1. Express 9 Inches as centimeters. 

Using the ratio of Inches to centimeters, we have 

= i 



2.5't X 

2. Change 15 inches to centimeters. 

1 _ ? 
275^ " 7 

How do we change from centimeters to Inches? 
Again our constant ratio is gr^T • 

Let US change 15.24 centimeters to inches. Call y the 
number of Inches in 15.2^ centlrr^ters . Then form the ratio 
of y to 15.24 and the proportion: 

1 _ y 
275^ ~ 15.24 

2.54y = 15.24 
y 2.54 

y = 6 (6 Inches ) 
3* How can you change 27.9^ centimeters to Inches? 



T 2779^ 
Change 12,70 centimeters to inches. 

1 _ ? 
275^ " 7 

Can you change 5 feet to centimeters? Using the ratio 
of Inches to centimeters, what is the first step? 

1 0 



275^ ~ X 

How would you change 9 yards to centimeters? 

1 _ ? ' 

275^ 7 
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Exercise 21 -8b 

!• Change each of the following English measurements to 
centimeters. 

a. 8 Inches e, 9 feet 

b. 24 Inches f * 1 yard 

c. 19 Inches g. 5 yards 

d. 27 Inches ' h, 24 feet 

2. Change each of the following metric measurements lo 
inches . 

a. 5.08 cm. e, 30.48 cm. 

b. 35.56 cm, f . 38.10 cm- 

c. 17.78 cm. g. 7*o2 cm. 

d. 21.59 cm. h. 13.97 cm. 

3. Change each of the following metric measurements to the 
. nearest yard . 

a . 100 meters 

b. 200 meters 

c. 400 meters 

d. 800 meters 

e . 1500 meters 

4. Convert each of the following met\rlc: measurements to 
miles. 

a. 10 kilometers 

b . 50 kilometers 

c. 100 kilometers 

d. 500 .:<'13-*^meters 

e. 1000 kilometers 

5. Mount Everest Is approximately 29,000 feet high. Ex- 
press this number In meters. 

6. The distance from the earth to the sun Is about 93 mil- 
lion miles. What is this distance in kilometers? 
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7. A. common size of typing paper Is 8^ Inches by 11 inch- 
es. What are these dimensions in centimeters? 

8. -What is your height In 
a. millimeters? 

b» cehtimeters? 
c. microns? 



21-9. S umma ry . 

A number Is expressed in scientific notation If it Is 
written as the product of a number between 1 and 10 and 
the proper power of ten, or as a power of 10, 

10^ Is defined ^.s 1 . 

If n Is a counting number, then 10*" means 

10" * 

Wlien a and b are integers, we have: 

Vflien a and b are integers, we have: 
10^ 

- In the United States, we usually use the English system 
of measurement, but In most parts of the world, the metric 
system Is used. 

Conversions between the metric system and the English 
system can be performed by solving proportions using the 
following facts: 

1 Inch =2.5^ cm . 
39.37 Incheswl meter 



21-10. Chapter Review . 

Exercises 21-10 

1. Using an exponerit, write the following. 
. a • 500 d. 567,000 

^- 5000 e. 567,000,000 

c. 50,000 f. 567,000,000,000 



^10 



1: 
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I 

2. Write' a numeral for each of the following in a form which 
does not uae an exponent or indicate a produce. 

■ a. 10^ d. 9.3 X 10^ 

b. ^.83 X 10^ e. 536 x 10^ 

c, 3 X lo5 i\ 15.3 X lo5 

3. Multiply and express your answer in scientific notation, 
a. .10^ X 10^ d. 10^ X 10^ 

. . b. 6 X 10^^ X 10^ 8. 10 X 10^ 

c . 10-^^ X 10 X 10^ f . 10^ X 10^ 

4. Express each of the following using negative exponents. 

^ ' 1000 °' 10,000 : 

, _i ^ _i_ 

°' ^' 1,000,000,000 

1 



lo"^ 10^9 
Express each of the following as a fraction. 



a . 


io"i 


d. 


io"i° 


b. 


io"7 


e . 


10"297 


n 


10 


f . 


10"'92 



Express the following products in scientific notation. 

a. 0.1 X 10 ^ d. 2 X :0 ^ X 10 3 

b. 0.0^ X 0.003 e. 10,000 x 10 

c. 10"^^ X 10 ^ X 10 5 r. 100,000 X 1,000,000/JOO 
Write the answers using scientific notation. 



a . 


10^. 


10"2 


d.. 


ici°^ 


105 


b. 


10^ n 


10 ^ 


e . 


Q 

10' * 


10^ 


c . 


103 ^ 


lo"" 


f , 


1027^ 


10~27 



8, Fill In each blank with the correct numeral 



a. 
b. 
c. 
d. 
e. 
f . 



4m. 

100 cm. 
500 m. 
2.54 cm. 
5.4 cm, 
5.25 m. 



cm. 



mm , 



_km. 
m. 



_mm . 
cm. 



21-11. Cumulative Review . 

Exercises 21-11 

1. At the end of a game consisting of 5 rounds of play, 
Oscar's score is 23 and Tom's score is "15. What is 
the difference in their scores? 



Express as a fraction and then simplify: 



/ 



2,3 
3^7 



e . 



b. ^ 



C « -?r 



2 
1 



3 

3 

2 
3 



f . ^ 



h. 



3 

2 

4 
3 



3 

2 

3 
2 

4 
3 

2 



Inserc one of the symbols >, <, or 



between 



13 



■jT^ and ^ so as to make a true statement. 

4. Find the sum of 3, ~7 , 12, "l, 0, 17, "12, and 
"16. 

5. Find the value of 

a. Cl.s) X 8 e, '* 

b. 9 X "O.'i f , 

'1 

d. "9 - ('4) , h. 



17 



■-2 -(-3 + 'b) 
"i • {h + -?) 
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6, Find the value of x which makes each of the following 
sentences true « 

a. 2x - 18 d. llx = 0 

b. X - 13 = -2 e. 13 + X = "1 

c. 7x = 3 f. llx = 2^ 

7. How much time Is there between 7:3t-i a.m. and 3:10 p.m.? 



8. How many square yards of ^.rea does a chalkboard 
by 8|- feet contain? 

9. Find the area of the following figures: 

a. a rectangle c. right triangle 



feet 



141.4^. 



b. d square 



a parallelogram 




10. The circumference of a bicycle wheel is 75 in. What is 
the length of one of its spokes? (Use tt = 3.1^'.) 



11. If 3^ million com 



bcoks are sold every day in this 
country, are more or less than a billion comic books sold 
every year? 
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acute angle, 
addition 

of negative nunberr , -'Z -^'j , .".'v.— 

of rational nu,T.b*:rr^ 0:1 ii'iinl:-:-:' 1 

additive inverse, ?. /: , ?'r.y, 3 - 

adjacent angl*:-^:^, 8i 
altitude of a -ylLnder. i -^:: 
angle, 75 

a c u t e , 9 2' 

ad.Jaceni: , ci ^ 

congruent , '{6 

correspond 1 ng , 

measure o:', 7'-., V .' 

non-adjacent, 83 

obtuse, 9^^ 

right,' 92 

supplejnentary , 

vertical, 83, 
"approximately eq<;'iL " ' ' 
approximation, 
arc of c Lrc le , 1 ' , ' '■'"> i 
area, 33 

of a c lrc le , i , /":) : 

of a c lor^-eci r'/c '.^n , ,■ '= 

cut 1:1 ng o:', 3':' 

mea-v'ng of, 3:"- 

of ':^ para 1 Irvl .,ir,r'i::: . : • ' 

of r.'^'.L:'n, 

j'' ?{ ^ • ■■' "^angl'-, - ■ , ■ 

.■ :i ^ ..nc:l^^ I. -■ 
un:0 

ari uhn : . , 
assoc Ic " 1 ve ov ■)pc r ■ y 

of addl*: ■ or^, / '■ . 3 ' , 

of ::^u It Lpl ■ ■ ■ . , 
a vcra-^^.es , 23 3> 

r 1-i.hrTiet i c ■ . 

ineciLan^ 33- 

n^o3../ , 3.y 
"5.:<es . 30';' 

bar gry pn:^ , '^^3 
bro^<e:"i- 1 1. r:^'- p;-" . 
cenl Irric le:" , 
c ent ^"a 1 - , ■ "' ' , 
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circ le 

arc of, 179 
area of, 187 
central angle 01 , IcO 
clrciamf erence of, .1S2 
concentric , 17^^ 
'dertnitlon of, 166, i 
diameter, 175 
exterior of, 170 
interior of, 170 
point of t a iige n 0 y , 1 ■;* 
radius , 166 
tangent to, 17, 
circle graphs, 219 
circumCereMCG , I82, I8 ■ , 
closure, ?73, 373, 3' '- 
commutative d :^ o p e r v. y 

of additio:;, 2 3", 3 3 
.■of multiplication, ?n 
compass, use of, 16-5, 16 
completeness, 3 7 - , 3 ' : > 
c o 11 c e nt r 1 c c 1 r c 1 c- , 1 
cone , 62 
congruent , 2 
con.5;ruen*: angles , 
converse , 111 
coordinate geometry, - Ir. 
coordinate pair, .oO 
coordinates in the piano 
corresp^onding angle::, '^^^ 
oo^ntlng n'inberfj , ^ 
CMbe, 

cub!.c :n>.:h, - , - 
.:ut:.t, } 

cyll:.d.er, -7, , . 

al\:iti;de, l-^- 
la t era I :ir''':i , ; - ■ , ■ 
night, V-.": 

volui^e, " 
cylindrical n- , : ^ 

- ? ,.' 

gnoupin^, 

dec l::ie '. e-- l , 
dek:i-etc:', - , 
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distance, 131 \ 
between two par:Uiel lines, 
between two points, 33^'-33S 
to a line, 131 

distributive property , So? , " 

division 

by po V' era of ten, 3 B 6 

of negative numbers, 2g6-27j 

of rational numberf?, ?68-^::70 

English system of meai^uremeni: > 
conversLon to metric unite, 
^equation, 2/9, 28^1, 206, riS 

equilateral triangle, lOS 

error , gr ea test pons 1 bl e ^ ] 

exponent, 360, 387, 386, ^3wO-3w 
negative exponent z , '-r^- 

exterior of circle, i':'- 

fathom, 9 

foot, 8 

f ormula,s , 237-3£o, 297 
frequency did r 1 bwt, i on , ;r"'7- 
, gra ph s ; 208 , 2 92 , 2 j 7 , 1 
bar, 208 

broken-line , 21;,: 
circle, 219 

gx»aphl/ig n.:;Iii%'on -.r: ce: 

graphs' in the piaiv,-, 210-^'.:^') 
greater . than , 2-'3 
half-line, 2-;i 
negative, 2-- 
.positive, 2-:. 
ha 1 f-p la n*7,^ ji: 

lef t_ hal7-p,ia:i'; , - ^ 
.ilower hai2'-pl';i:";^- , > i 
righ" harl^l-piaiu; , " : '■ 
. upue.r ha 1 2-p': a:.»' , ' . . 
•hand, 6 

.,hectc:ne^e:\, ♦ • - 
J^exag:)n , ' 12 } 

regala r 2 . '. 
hypoter-.'>fjv » . •• : 
• identity .-lo::.v:v 

for^ add!. ■. : .:^:2 ■ , - ; , 

^er:2, 2--. 2 : ■■ 
;.ega^.iv^ , : ■ 

■ ■ pos^ t ^ . • , • ■ • 

set or , 
iiVcevl iy: : ' ' . 

• ■aCC:'.C2v?: 
•■2-.a- 2p2; .:K" ^ . ■ , 



iaoaceles tr iaii^:; Le , i")' ' 

angles in, ' 
kilometer , ^O-i --CS 
lateral surface of a oy 1 1. 
lei'': half-plane, 311 
length, 5 

of a circle, l3l 

same lengch, 2 

standard units of, c 

unit of, 2 
less than, 2'J3 
light year, ^103 
line 

distance between two p 
through the origin, 3 1 

lines in a plane, 80, 9^* 
intersecting, 6o , 9^* 
para 1 le 1 , 8o , 99, 10 i 
skew. So 

lower half -piano, 311 

mean, 223 

measure , 't; / 



measure of an ang,l.o 



mega, ^06 
megacycle , 4o6 
meter, 9, ^^03, -0- , --O-. 
metric e y s t e r r. , ■ • C 3 - ' ^ 0 1 

convery.uOr. *.o r.riHl'^r>':i 
micro, ^^06 
niLcron, ■'♦Ot:. 
milllrrelior , . ^, 

rT;vde, 

rni;it ipilcat : .>:. 



by Dvwer:.' o:' • 



f ra I lor. a ■ 










pi lea M or; 


pr ■)p'' 




Iplica-: : V- 







median, 225 
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numbers 

irrational, 362-365, 366-370, 3V6 

negative, 244 

positive, 243, 245 

rational, 24$, ^:72, 358, 366, 373, 

real, 357-359, 365, 3;-^, 3,6 
obtuse angle, 92 
opposite, 245, 254 
order property, 373 
origin, 242, 306, 307 
pace^ 9 

parallel lines, 8o, 99, 101 
parallelogram, 125 

altitude of, 139 

angles of, 131 

area of, 139 

bases of, l4o 

opposite sides of, 128 
pentagon, 123 
perimeter, 21 
perpendicular, 90 
phrases, 279, 23o, 296 
pi (^), 185 

approximations oi\ l8-^ 
point of tangency , 17 
polygons, 21, 123 

hexagon, 123 

pentagon, 123 

quadrilateral, i:-'? 
positive, 243 

half-line, 2'-^:.. 

integers, 24*3 

nujT)ber, 2-3, 2'^-- 

rational n.^jnt^rr, 
pov;er5 of ten 

dividing by, jrr. 

mult i plying by, ^-v': - r:- 
prec Is ion^ 1.' 
prism, 

bases, or, x -.-^ 

edgL' of, 

facen of , r--:' , 1 - ^ 
height: ot , :.: 1 
penta~,'j, ja 1 , - 
rec*:ang :la:- , - j , - : , : • 
surfac.' ar'-< , r. / 
r.riang\.;iar ,6/, 
verti-e^B or, • : ; , ■ , : 

prjci'.. :^ Di iv: r:?^^.':: ■" : , - .■ 

proor , 13: , : : 

•propert 1^:-:; or r :;y \ , -• ■ ' 

Tythagoran , .: 

Pythagor^ea:. ?r.'>p*/ y , - - , ' ■ 



quadrilateral, 123 
radius, l66, 175, 200 
definition, l66 

relation to circumference , Ibo 
relation to diameter, 175 
range, 227 

rational numbers, 2^5 272, 358, 365 
addition of, 247-2^9, 252-25^ 
division of, 268-270 
multiplication of, 260-267 
negative, 239, 2^5 
non-negative, 37'^ 
positive, 2^5 

properties of, 273, 3", 3, 37'' 
set of, 2^5 

subtraction of, 254-2^^c 
real numbers, 35'''-359, 365, 3 '^7^ 
reciprocal, 271 
rectangle, 21 
rectangular region, 3o 
rectangu3ar solid , 69 
repeating decima I5 , 366 , 0 , 376 
right angle, 92 
right half-plane^ 311 
right prisms , i^^- 
right triangle, 3j 3/." 
ruler, 3 

scalene triangle , 106 

sc'entlfic notation, }V s 3"-., 3->''jj 

definition, 3o2 

division , 396-39*: 

multi pi i cation , 393 - 
semi-circle, iSO, 201 
sentences, 2 ' 9 , 2r '/ - r. *: o , :'. ?. r - C 
s e pa rati on , on a • - Ir :: : e , . ■ ) 
set 

of integers, 2-1. 

of rational nu;:ibe;': , 
aoiutlon jse:;, ■'■'>'-^, - 
solut loni: 

' ' » ' ' 

3 pi 1 ere, o2 
aqua re 



symbols 

> (greater than), 243, 284 
< (less than), 243, 284 
= (equal to"* • 284 
. 9^ (approxlmb.oely equal to), 38o 

IT pi), 185 

. (square root), 345 

table --squares and square roots ol numbers , 3^4-355 
tables for reference, 73 
tangent lines, 17V, 201 
transversal, 96, 101 
triangle, 107 

altitude of, l^^ 

area of, 145 

base of, l46 

equilateral, 1^ 

isosceles, 107 

right, 337, 338 

scalene, I08 

sum of the measures or the angles of, II8 

vertices of, 107 
union of circleti, 171 
upper half-plane, 311 
•Verbs", 284 

= , 284 

>, 284 

<, 284 
vertical angles, 83 « 87 
vertices of a triangle, lOV 
volume 

meaning of, 53 

of cylindrical r^ol':.d^ .^-j 

of prism, 152 

of rectangular no i l a , -v'; 
whole numbers, ''• 
X-axis, 307 

X~coordlnato, 30'" ; ■ ') 

m .rat: i ve , 'J 1 ] 

P--oitive , 'Mi 
Y-axis, 307 
Y--coord ina , • ■ ' , - : 

negat Ivo , 'j, ..^ 

DOS i V. : v- , : : 
yard, b 
:-:ero, 
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